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THE APRIL MEETING IN CHICAGO 


The twenty-seventh Western meeting of the Society was 
held at the University of Chicago on Friday and Saturday, 
April 15 and 16, 1927. The attendance at this meeting 
included about one hundred and twenty persons, among 
whom were the following seventy-seven members of the 
Society: 

B. M. Armstrong, Frank Ayres, R. P. Baker, G. A. Bliss, Blumberg, 
Brahana, Brand, O. E. Brown, C. C. Camp, Chittenden, Conkwright, Cope, 
Curtiss, H. T. Davis, Denton, Dickson, Dresden, Emch, Frink, C. A. 
Garabedian, Raymond Garver, Gouwens, Griffiths, Harkin, Harshbarger, 
W. L. Hart, Hickson, Hodge, Hofmann, L. A. Hopkins, Dunham Jackson, 
R.L. Jackson, B. W. Jones, Krathwohl, LaPaz, Lytle, McFarlan, MacDuffee, 
W. D. MacMillan, Marquis, T. E. Mason, E. H. Moore, E. J. Moulton, 
Mullings, Palmer, Parkinson, Pettit, Rainich, C. J. Rees, C. E. Rhodes, 
D. P. Richardson, H. L. Rietz, P. G. Robinson, Roos, Roth, Schottenfels, 
Sharpe, J. B. Shaw, Sherer, Shohat, Simmons, W. G. Simon, Sisam, Slaught, 
A. W. Smith, Virgil Snyder, J. H. Taylor, E. L. Thompson, J. S. Turner, 
Van Vleck, Vass, Wahlin, L. E. Ward, Warren Weaver, John Williamson, 
F. E. Wood, J. W. A. Young. 

On Friday afternoon Professor E. W. Chittenden gave the 
symposium address entitled Some aspects of general topology. 
This address will appear in full in an early issue of this 
Bulletin. 

On Friday evening members and guests of the Society 
gathered at a dinner in the Del Prado Hotel. President 
Snyder presided and called on Professors Coble, Bliss, 
Slaught and Dresden, who spoke of various recent develop- 
ments in the work of the Society. 

The papers listed below were presented on Friday and 
Saturday forenoons. The first session was divided into two 
sections: the first, on Geometry and Point Sets, at which 
President Snyder presided, included the papers numbered 
1 to and including 11, and 48; before the second section, on 
Algebra, Theory of Numbers and Applied Mathematics, 
presided over by Professor D. R. Curtiss, were presented 
the papers numbered 12 to and including 20, 45 and 50. 
The remaining papers were read at a long session on Saturday 
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forenoon, presided over by Professors Rietz, Jackson and 
Bliss. The papers numbered 7, 8, 9, 10, 11, 18, 21, 23, 27, 
34 to and including 42, 45 were read by title. Professor 
Uspensky was introduced to the Society by Professor 
Dresden, and Mr. Keller by Professor W. D. MacMillan. 


1. Dr. H. R. Brahana: Regular maps and their groups. 

In this paper we prove that to every group generated by two operators 
one of which is of order two, there corresponds a regular map. The sym- 
metric groups, the alternating groups, the metacyclic groups and certain 
classes of their sub-groups, and the sub-groups modulo m of the modular 
group are in this class. There are just eight regular maps on a surface of 
genus two; of these the only one which does not contain tworegions adjacent 
to each other along more than one edge is a map of 16 triangles. 


2. Professor H. P. Pettit: A special quartic cyclide. 

The special quartic cyclide is generated by a pencil of planes and a 
related system of spheres quadratic in the parameter A. The axis of the 
pencil of planes is a double line on the quartic. The quartic is tangent to 
the envelope of the family of spheres along a sextic curve, which also lies 
on two cubic cyclides. Any sphere cuts the quartic cyclide in the sphero- 
circle and a finite sphero-sextic which lies on a ruled cubic. The quartic 
cyclide may be generated in a triply infinite number of ways by a pencil 
of cubics and a projectively related pencil of concentric spheres. There are 
108 circles on the surface not belonging to the infinite system of circular 
generators. The locus of the centers of the generators is a rational space 
quartic. There exist eight pairs of minimal lines on the quartic. 


3. Professor H. P. Pettit: A sextic cyclide. 

The sextic cyclide under consideration is generated by a pencil of spheres 
and a related family of spheres quadratic in the parameter A. The sphero- 
circle appears as a triple conic and the base circle of the pencil as a double 
conic on the sextic. The envelope of the quadratic family of spheres is a 
quartic cyclide, tangent to the sextic along a space sextic curve. Any sphere 
cuts the sextic in a sphero-sextic which lies on a ruled cubic. The locus of 
the centers of the circular generators is a rational septic curve. There exist 
9 pairs of minimal lines on the sextic. . 


4. Professor Solomon Lefschetz: Correspondences on alge- 
braic curves. 

In the 1926 volume of the Transactions of this Society the author 
developed a general theory of continuous transformations of manifolds. 
The object of the present communication is to apply it to correspondences 
on algebraic curves. The situation being simpler than for general manifolds, 
many proofs can be greatly simplified. Much of the theory may be de- 
veloped with a minimum use of analytical machinery. 
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5. Professor M. I. Logsdon: A hypersurface in Sy in- 
variant under the general projective group of points on a line. 


Associating with the G, on the x-line given by aox*+4a;x?+6a2x?+4a,x 
+as=0 a point P(aoa,a20304) in a space of four dimensions, the triply 
infinite group of transformations on x will transform P into a variety of 3 
dimensions. It is shown that the order of this variety is six, that the system 
of these varieties of index 1 has as common elements (a) the rational (skew) 
quartic in 54; (b) the developable consisting of the lines tangent to this 
quartic; (c) developables consisting respectively of planes and three-spaces 
osculating the quartic. Special cases and the dual situation are of interest 
since they offer a geometric interpretation of well known facts concerning 
the invariants of the biquadratic form. 


6. Professor M. I. Logsdon: Curves in r-space invariant 
under a net of homographies containing the identity. 


Enriques (Rendiconti dei Lincei, 1890) studied invariant loci under 
pencils of homographies in a space of n dimensions; Bonola (Rendiconti 
del Istituto Lombardo, 1908) studied invariant loci under nets of homo- 
graphies in three-space when identity is an element of the net. The author, 
extending the study to nets of general homographies in r-space, finds: (1) 
to every such net containing the identity homography, there corresponds 
an invariant curve of order r(r+1)/2 and genus r(r—1)/2, on which there 
is an involution, g;41, of groups of r+1 points not cut out by hyperplanes; 
(2) to every curve in r-space of the above properties, there corresponds a 
pencil of homographies in the space for which the curve is invariant, and 
whose construction is given; (3) this net is unique. Thus the problem of 
normalization of a net of homographies depends on the number of invariants 
of the net. This number is the genus of the curve. A later paper will discuss 
normal types when identity is not present in the net. 


7. Professor R. M. Mathews: Desmic configurations on 
pencils of syzygetic cubics. 


The locus of the quadruples of poles of Caporali’s fixed line (v) with 
respect to the cubics of a syzygetic pencil of parameter m is a point quartic 
Q which passes through the vertices of the four triangles of flex axes of the 
pencil Q cuts each cubic m in 12 points which form three desmic quadrangles, 
and (v) is the common satellite line with respect to m of their 16 lines of per- 
spectivity. The 18 sides of these quadrangles cut Q again by threes in 12 
points which form the associated desmic configuration on the corresponding 
cubic m in a derived syzygetic pencil, and the common satellite line for 
the 16 lines here is the locus of the pole of (v) with respect to the class 
cubics of the syzygetic pencil dual to pencil m. This line is also the contact 
tangent of (v) for that cubic of the dual pencil which touches (v). It cuts 
Q in the four points which are the poles of (v) with respect to the four 
triangles of the flex axes. 
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8. Professor R. L. Wilder: Concerning a theorem of 


J.R. Kline. 

J. R. Kline proved (see this Bulletin, vol. 23 (1917), pp. 290-292) the 
following theorem: If, in euclidean space R, of m dimensions (n>1), M 
is a domain and G;, G2, G3,- ++ is a countable infinity of nowhere dense 
closed point sets no one of which disconnects any domain, then M—(G, 
+G:+G;+---)XM is a non-vacuous arcwise connected point set. The 
present paper shows that the condition that the sets G, should be nowhere 
dense may be replaced by the much weaker condition that no G, is identical 
with R,. The relations between the thus modified conditions imposed on 
G, and the following conditions are then discussed, viz., (a) G, is closed and 
punctiform, (b) G, is closed and of dimension<n—2 (in the Menger- 
Urysohn sense). Either conditions (a) or (b) may be substituted for the 
modified conditions on G, and the above theorem is still true. 


9. Professor R. L. Wilder: Concerning zero-dimensional 


sets in the plane. 

Sierpinski has shown (Fundamenta Mathematicae, vol. 2 (1921), p. 89) 
that sets which are zero-dimensional in the Menger-Urysohn sense are 
identical with those sets that are homeomorphic with subsets of the 
irrational points of the straight line, and hence (Fréchet, Mathematische 
Annalen, vol. 68 (1910), p. 154) homeomorphic with subsets of the set 
I of points in the plane both of whose coordinates are irrational. The 
present paper considers the conditions under which a zero-dimensional 
set M in the plane is isotopic with a subset of J. It is shown that the zero- 
dimensionality of the set is not sufficient, and that a necessary and sufficient 
condition is that M be locally separated by simple closed curves. By intro- 
ducing the notion of accessibility from all sides a characterization of zero- 
dimensional sets in the plane is obtained, as well as another necessary and 
sufficient condition for isotopism of a set with a subset of J dependent 
upon arcwise accessibility from all sides. As a corollary of these results, it is 
shown that every plane punctiform F; is isotopic with a subset of J. 


10. Dr. G. T. Whyburn: On the separation of plane con- 
nected point sets. 


The following results are established. (1) If A, B, and C are points of 
a bounded continuum M such that no pair of these points disconnects M 
but their sum does separate M, then M—(A+B+C) is the sum of two 
mutually separated connected point sets. (2) If the connected set M is 
separated into mutually separated sets M, and M2 by the omission of n of 
its connected subsets A;, Ao, - ,A, then +An 
is the sum of at most ” mutually separated connected point sets. Further- 
more, if M,+A,+A2+--- +A, is the sum of k such sets, then M2+Ai+ 
+A, isthe sum of at most m—k+1 mutually separated connected 
point sets. (3) A bounded continuum M is disconnected by the omission 
of two of its non-cut points A and B if and only if there exist two com- 
plementary domains of M such that both of the points A and B are ac- 
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cessible from each of these domains. Interesting generalizations of (1) 
and (3) are established. 

11. Dr. G. T. Whyburn: Concerning certain subsets of 
continuous curves and of other continua. 

In this paper the author shows that if H denotes the sum of the boun- 
daries of all the complementary domains of a continuous curve M, then 
(1) H is strongly connected if and only if the set of points M—H does not 
separate the plane even in the weak sense; (2) if —H contains no con- 
tinuum, then H is regular (connected im kleinen). Result (1) is true for 
any continuum M such that the diameters of its complementary domains 
may be arranged into a null-convergent sequence. If M is a continuous 
curve every subcontinuum of which is a continuous curve, then (a) the 
set H, above, is regular; (b) if R is any arcwise connected subset of M, 
it has property S and every limit point P of R is regularly accessible from R. 
If a continuum M is regular at every point of the boundary K of one of 
its complementary domains, then K is a continuous curve. Every connected 
subset of a ‘‘regular curve’’ (sense of K. Menger) is connected im kleinen. 

12. Professor C. C. MacDuffee: A correspondence between 


quadratic ideals and matrices. 

The correspondence discovered by Poincaré between the elements of 
a linear associative algebra and matrices of a certain type implies a p-to-1 
correspondence between certain of these matrices and the principal ideals 
of a quadratic field where p is the number of units in the field. It is found 
that this correspondence is included in a p-to-1 correspondence between 
the matrices of a more extensive class and all ideals of the field. For every 
ideal class it is possible to choose two matrices B, and Bz, the first cor- 
responding to a reduced ideal, such that the totality of matrices correspond- 
ing to ideals of the class is given by xB,+yB2 where x and y range in- 
dependently over all rational integers, not both zero. 


13. Professors Frank Morley and A. B. Coble: Eliminants. 

Sylvester’s dialytic method for eliminating one variable from two 
algebraic equations of any order was extended by Professor Morley at the 
Toronto Congress to cover the simultaneous elimination of two variables 
from three equations of the same order. This paper gives a method for 
simultaneous elimination which is much more comprehensive in scope. 


14. Professor L. E. Dickson: Simpler proofs of Waring’s 
theorem on cubes, with various generalizations. 

Write C, for the sum of the cubes of m undetermined integers 20. 
The following forms represent all positive integers: tx*+Cs; for 1S¢<23, 
t20; tx?+2y3+C, for 1<¢<34, t410, 15, 20, 25, 30; tx?+3y3+C, for 
1<t<9,t+5. The paper will appear in the Transactions of this Society. 

15. Professor L. E. Dickson: Generalizations of Waring’s 
theorem on fifth powers. 

Denote ax'+--- +kw® by (a,---, k), and call a +--- +8 its 
weight. If a form of weight 37 represents all positive integers p, its order 
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exceeds 7. The only two forms of order 8 which represent every p<6500 
are (1123468, 12) and (1123457, 14). From these and two others 
we obtain by partitioning a coefficient into two parts 58 distinct forms 
of order 9 which represent all integers £3137. Certain types of order 9 
are fully determined. R. C. Shook and K. C. Yang have investigated 
sixth and seventh powers. 


16. Professor L. E. Dickson: Extension of Waring’s 
theorem on sixth powers. 
Every positive integer is represented by both (110, 290, 372, 418) and 


(lis, 8), which give the coefficients of the sixth powers in the two forms. 
Here c, denotes that m coefficients are equal to c. 


17. Professor L. E. Dickson: Every positive integer is a 
sum of 17 biquadrates and the doubles of 10 biquadrates. 

For s=0, 1,--- , 10, it is proved that every positive integer is a sum 
of s doubles of biquadrates and 37—2s biquadrates. The case s=0 gives 
the best complete result to date on single biquadrates. Papers 16 and 17 
combined will appear in the American Journal of Mathematics. 


18. Professor O. E. Glenn: On the generalization of the 
algebra of lower number theory. Invariants of the cyclic trans- 


formations. Preliminary communication. 

A non-homogeneous form in e variables and with integral coefficients 
may have a modular period of s =e+a—1 residues 7; of an integral modulus 
n, such that 
(1) v2,° » Ye) =0, F(y2, v3, °° 5 Yes Yer1) =0, Flvas***s Ye) 

=0, » Yes =0,°-- » Ye-1) =0 (mod n). 

The necessary and sufficient condition is obtained by forming the eliminant 
of (1) by Poisson’s method as modified for congruences by Stieltjes. The 
result is a congruence in one y, as Q(71)=0 (mod m). The period is the 
least s for which this congruence can be satisfied by a y. If F is linear and 
homogeneous, Q is a cyclic determinant of order s and an invariant of F 
in reference to a general cyclic transformation. If e=2, Q is Euler’s bi- 
nomial a*—(—b)* the period being the least s for which Q=0 (mod 2). 
We make generalizations to the periods of e—1 forms in e variables, the 
case e=3 being a modular theory of the two abscissas that can be drawn 
from a point in the (n, £) plane to two surfaces. 


19. Mr. E. G. Keller: A necessary condition for a planet 
to be of annular origin. 

This paper gives a necessary condition which must be satisfied for a 
Laplacian ring to have condensed into a satellite. The condition is derived 
from the moment of momentum and energy equations of the ring, primary, 
and resulting satellite. The meridian section of the ring is circular or 
elliptical. The particles of the ring describe circular orbits about the 
primary according to the Newtonian law. In the first section of the paper 
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the matter of the ring is supposed homogeneous. In the second section 
the condition is developed for a ting of variable density. The criterion, 
when applied to the solar system, indicates that Mercury and four satellites 
each of Jupiter and Saturn can not be of annular origin. 


20. Professor G. Y. Rainich: On the field of radiation. 


The formulas for singular Lorentz transformations given by the author 
in the February number of the Proceedings of the National Academy of 
Sciences are applied in this paper to the study of fields which remain in- 
variant under transformations not affecting the path of a light ray. The 
field of electric and magnetic forces, the field of stresses and the curvature 
field of the ‘‘general relativity theory” are treated from this point of view. 


21. Professor P. R. Rider: The devil’s curve and abelian 


integrals. 

The curve y*—x‘+ay*+bx?=0 is called by French geometers la courbe 
du diable. It has been a favorite example in curve tracing. This paper 
discusses the Abelian integrals connected with the curve. It has appeared 
in the American Mathematical Monthly (vol. 34 (1927), p. 199). 


22. Professor H. T. Davis: A note on the factoring of Fred- 
holm minors. 


L. Tocchi has proved that a necessary and sufficient condition for the 
factoring of a Fredholm minor of the nth order is that the minors of lower 
order shall vanish for some characteristic value of the parameter. The 
present note derives this theorem from the fact that a necessary and 
sufficient condition that a function D(x,y) shall be factorable is that it 
satisfies the equation 2:—D aD aD 


23. Professor Solomon Lefschetz: On intermediary functions. 

An intermediary function of p variables is a function defined by certain 
properties of periodicity analogous to those of theta functions. In a paper 
published in Crelle, vol. 95, Frobenius has made a thoroughgoing investiga- 
tion of these functions but his methods are exceedingly involved. The 
main object of this note is to point out that the work of Frobenius can be 
greatly simplified. Together with a paper by Appell in Journal de Mathé- 
matiques, 1891, it may form the basis for a most elegant and direct presen- 
tation of the chief theorems on multiply periodic functions. 


24. Dr. L. E. Ward: Expansion of functions. 

The author considers the expansion of functions in series whose terms 
are solutions of the differential equation u’”’ +)%u=0 and three boundary 
conditions which are linear and homogeneous in the dependent variable 
and its first two derivatives with real coefficients. The boundary conditions 
are restricted so that two (called the first two) bear at one point only and 
the third at a second point and possibly also at the first point. It is found 
that a uniformly convergent series of the characteristic functions necessarily 


dx dy 
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converges to an analytic function satisfying two conditions closely related 
to the first two boundary conditions, and that the region of convergence 
is the interior of an equilateral triangle centered at the point at which the 
first two conditions bear. Subject to further minor restrictions on the 
function expanded, the formal series is proved to converge uniformly to 
the generating function. Use is made of a contour integral for the sum of 
the first » terms of the formal series. 


25. Dr. L. E. Ward: Expansion of functions. 

The author considers the problem corresponding to that stated in the 
preceding abstract but with special boundary conditions of which the first 
bears at one real point, the second at one complex point, and the third 
at both points. The characteristic functions are shown to fall into two sets, 
each set being identical with a set of characteristic functions arising from 
three boundary conditions of the type considered in the preceding paper. 
The type of function expansible in uniformly convergent series of these 
characteristic functions is obtained, and convergence is proved. The 
corresponding problem with boundary conditions bearing one at each 
point, two of which are complex, is also considered. The characteristic 
functions fall into three sets, each set being identical with a set of character- 
istic functions of the type considered in the preceding paper; and, subject 
to certain minor restrictions, an arbitrary analytic function can be ex- 
panded in a uniformly convergent series of these characteristic functions. 

26. Professor Henry Blumberg: Remarks concerning a 
theorem on arbitrary real functions. 

At the 1926 Philadelphia meeting of the Society, the author presented 
a theorem, of which the following is a corollary: If f(x,y) is a real function, 
l a straight line in the xy-plane, and d,, d2 two directions approaching / on 
the same side, then lim sup f(x,y) as (x,y) approaches a point P of / along 
d, is not less than lim inf f(x,y) as (x,y) approaches P along d2, with possibly 
a countable number of exceptional positions of P on / where this inequality 
may be invalid. If f(x,y) is symmetric in its arguments, in particular, if 
it is an “interval function,” it follows that lim sup f(x, x+0)2lim inf 
f(x, x—0) except possibly for an enumerable set of x’s. By defining various 
interval functions relative to a given function of a single variable, various 
theorems are obtained concerning unconditioned functions of one variable, 
among them the theorem of W. H. Young on the right and left limits of 
a function (Quarterly Journal of Mathematics, vol. 39), the theorem of 
G. C. Young on right and left derivatives (Acta Mathematica, vol. 37), 
the theorems of Blumberg concerning the equality of the right and left 
saltus (this Bulletin, vol. 24) and the theorem of Kempisty on the approxi- 
mate limits of a function in the sense of Lebesgue measure (Fundamenta 
Mathematicae, vol. 6). 


27. Professor Henry Blumberg: On the character of the 


set of points of a surface where there is a vertical, conical lacuna. 
The ‘‘surface’’ z=f(x,y), where f is any real function whatsoever, is 
said to have a conical, vertical lacuna at the point P=(x,y), if there is a 
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vertical (double) cone, with vertex P and axis parallel to the z-axis, having 
no surface points in it other than P in a sufficiently small neighborhood 
of P. This paper shows that the set of points where there is such a lacuna 
is an Fg, i.e., the sum of a countable number of closed sets; and conversely, 
if Sis a point set in the (x,y) plane representable as an Fz, then a function 
f(x,y) exists such that z=f(x, y) has a vertical conical lacuna precisely at 
the points of S but nowhere else. 


28. Dr. C. F: Roos: A general problem in the calculus of 


variations. 

In order to develop a general theory of depreciation in economics it is 
necessary to consider a problem similar to a Lagrange problem with variable 
end points but different from the Lagrange problem in that the variable 
end values occur in the integrand. The problem somewhat resembles the 
brachistochrone problem of determining the curve of quickest descent 
from a fixed curve to a fixed point in a resisting medium. The depreciation 
problem, the brachistochrone problem just referred to, and a problem 
proposed by Bolza to include the most general Lagrange problem with 
general boundary conditions and the Mayer problem with general boundary 
conditions as special cases, are all special cases of the general problem 
discussed in this paper. The Euler-Lagrange multiplier rule and the trans- 
versality condition for this general problem are obtained by modern 
calculus of variations methods. 


29. Dr. C. F. Roos: A general problem of minimizing an 


integral with discontinuous integrand. 

In this paper it is shown that the problem of determining when to 
replace one machine by another in such a way that there results a maximum 
profit for a given period of time is a type of Lagrange problem with a dis- 
continuous integrand. The problem differs from the ordinary problem with 
discontinuous integrand discussed by Bliss and Mason in that the integrand 
is a function of the end values which are variable. In addition to the 
Euler-Lagrange multiplier rule and the transversality conditions which 
follow readily by the analysis of my paper A general problem in the calculus 
of variations, corner conditions and further necessary conditions which lead 
to sufficient conditions are obtained for a general problem which includes 
this replacement problem as a special case. 


30. Professor J. H. Taylor: Parallelism and transversality 


in a subspace of a general (Finsler) space. 

An arbitrary integral of the form /F(x, %)dt, where F satisfies the 
conditions for a regular problem in the calculus of variations, is taken as 
the definition of arc length in a space N of m dimensions. In terms of 
parallelism and angle developed by the author in an earlier paper (A general- 
ization of Levi-Civita’s parallelism and the Frenet formulas, Transactions 
of this Society, vol. 27 (1925), pp. 246-264), it is shown that parallelism 
of vectors in the space N implies parallelism in any subspace of N in which 
they lie, and that the angle between vectors is the same if measured with 
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respect to the metric of the space N or with respect to the metric of the 
subspace. Transversality is a special case of orthogonality in the sense 
here used; hence the transversality condition is preserved in a subspace. 


31. Professor J. V. Uspensky: On the convergence of quadra- 
ture formulas related to an infinite interval. 


Denoting by p(x) any positive function, defined in an infinite interval 
(a,~) and such that al! the constants p(x)xdx exist, the author 
shows that the quadrature formula of the Gaussian type Se p(x)f(x)dx = 
converges for indefinitely increasing m, whenever the 
following conditions are fulfilled: 1. There exists a function ¢(m) such 
that ¢(n)/n-70 and as n— ; 2. The function f(x) satisfies 
the condition | f(x)|<x™ for sufficiently large values of x, where m is a 
positive number, arbitrarily large. The paper states the consequences of 
this theorem for the convergence of a certain class of continued fractions 
and for the fundamental theorem in the calculus of probabilities. 


32. Professor J. A. Shohat: A simple method for normalizing 
Tchebycheff polynomials and evaluating the elements of the 
associated continued fraction. 

This paper appears in full in the present number of this Bulletin. 


33. Dr. N. B. Conkwright: The summability of Birkhoff 
series. 


It is known that the sum of the first k terms of a Birkhoff series may 
be expressed as an integral around a contour C; which incloses the first 
k poles of the Green’s function associated with a certain linear differential 
equation and a set of regular boundary conditions at two points a and b, 
This paper introduces into the integrand functions ¢(k,\), analytic in A, 
such that the limit of the integral as k becomes infinite represents an 
arbitrary function f(x), absolutely integrable in the interval ab. The intro- 
duction of this factor is equivalent to multiplying the first k terms of the 
series by quantities d,,(/ =1, - - - , k), thus summing the series by a method 
of mean values with finite reference. If f(x) is continuous in a sub-interval 
a8 of ab, the Birkhoff series is uniformly summable by the methods under 
consideration in the interval a+4 <x <8 —é, 6 being a positive constant. 
The summability of multiple Birkhoff series may be investigated by a 
repetition of the argument for a single series. The method may also be 
applied to series arising from boundary conditions applied at more than 
two points. 

34. Professor W. M. Whyburn: Existence and oscillation 
theorems for linear non-self-adjoint differential systems of the 


second order. 

This paper studies the pair of differential equations y’ =K(x,A)z, 
z’ =G(x,d)y together with boundary conditions that apply to more than 
two points of the interval. Existence and oscillation theorems are estab- 
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lished for cases where one of the conditions involves only one point of 
the interval while the other involves two or more points. K and G are 
summable functions of x on X(a<x<b), for each A on L(Li SASL), 
continuous functions of \ on L for each x on X, and bounded numerically 
by a function M(x) that is summable on X. Certain non-self-adjoint 
systems of the two-point type are treated as special cases of these more 
general systems. 


35. Professor W. M. Whyburn: On the polynomial con- 
vergents of power series. 


In a paper published in the Annals of Mathematics, (2), vol. 8 (1906), 
pp. 189-192, M. B. Porter defined a particular set of convergents for a 
power series and discussed certain properties of this set. In the present 
paper it is shown that every point on the boundary of the circle of con- 
vergence is a limit point of the zeros of Porter’s set of convergents. This 
work includes the theorem of Jentzsch (see Landau, Funktionentheorie, 
Berlin, 1916, p. 80) as a corollary. Other properties of these convergents 
are also discussed. 


36. Mr. M. E. Mullings: First-order vector differential 
equations of scalar functions. 


This paper demonstrates the existence of a unique solution of the 
vector differential system Vu(p) =0(u,p), and (po) =u» under very general 
conditions. Components are avoided by use of a set of definitions extend- 
ing certain notions of real variables to vectors. Four theorems are obtained, 
the first dealing with continuity. The second shows the existence of the 
gradient of a scalar function under the given conditions, the third shows 
the existence of a line integral of the gradient that is independent of the 
path between two points, and the last theorem secures a unique solution 
for the given vector system. 


37. Professor H. E. Bray: An auxiliary theorem in the 
theory of harmonic functions. 


If the function u(M) is harmonic at all interior points M of the unit 
sphere, then the quantity F(r,s)={u(M)dM defines an additive function 
of segments s, the integration extending over the interior of the segment s, 
on the sphere of radius r<1, and bounded by circles of latitude 6’, 6’ = 
const. and by meridians ¢’, ¢’’=const. Thus F(r,s) = F(r,0’,0’’,6’,¢’") is 
a function of the four variables 0’, 0’, ¢’, ¢’’, with parameter r. The 
theorem is that if F(r;,s) is of uniformly limited variation for all r; of a 
sequence [r;] converging to unity, then there exist two sets of numbers, 
E’(0) and E’’(¢), dense in the respective intervals (0, x) and (0, 27), and 
a subsequence [r;’] of [r:], such that lim F(r;’, 6’, 0’’, ¢’, $’’) exists, as 
1= 0, provided that 6’, 6’’ belong to E’(0) and ¢’, ¢” to The 
analogous result for the circle was proved by Evans, by the use of Fourier 
series. This paper shows that the sequence of functions F(r;, 6’, 0’’, ¢’, ¢’’) 
converges in the mean of order 1, ast=~. 
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38. Dr. A. H. Copeland: Note on the Fourier development of 
continuous functions. 
This paper will appear in full in an early issue of this Bulletin. 


39. Professor G. C. Evans: A general Neumann problem 


for the sphere. Preliminary communication. 

Let v be harmonic within a sphere S of unit radius, and let w, be a 
closed regular curve on the concentric sphere S, of radius r<1, whose 
projection on S is w. The author considers the problem of determining v 
so that /(Av+dv/dr)do extended over the region bounded by w, takes on 
given values H(w) as r approaches 1, H(w) being a bounded additive func- 
tion of regular curves on S. For the class of functions for which /|av/ar|do, 
extended over S,, remains bounded as r approaches 1, there is a unique 
solution of the problem, provided \ is not one of a set of characteristic 
values <0. For the characteristic value \=0, there is a unique solution 
provided H(S)=0; in this last case, if H(w) is absolutely continuous the 
problem reduces to the Neumann problem for boundary values summable 
(L). The method used is to write v as the potential of a simple distribution 
of mass, for which the mass function is given in terms of H(w) by means 
of a Stieltjes integral equation. 


40. Mr. J. J. Gergen: On generalized lacunae. Preliminary 


communication. 

According to S. Mandelbrojt the generalized lacunae of the series f(x) = 
> a,x" are the lacunae of the series F(x) =)>g(an)x", g(z) being an 
entire function without constant term. The author proves theorems about 
the singularities of a series with generalized lacunae, defining the notion 
of the exponential order of the singularities of a uniform function. If f(x) 
has as its only possible singularities the p pth roots of unity and the 
point at infinity, no singular point of f(x) being of exponential order >q, 
then the only possible singularities of F(x) are those of f(x), provided 
| =o(e*) where k=—2°9*)™, The lacunae of F(x), determining 
the nature of its singularities, likewise determine the nature of 
those of f(x). In particular, making use of Carlson’s theorem, if the 
sequence (a,), with superior limit |a,|/"=1, is a sequence of complex 
integral numbers consisting of two infinite subsequences {a,}, {a,,} if 
g(a,,)=0, if the superior limit of |g(a),) |!4»=1, and if lim(Ans1—An) =0, 
then the circle of convergence of f(x) is a cut. 


41. Dr. D. V. Widder: The singularities of a function 
defined by a Dirichlet series. Preliminary communication. 


The purpose of the present paper is to generalize a familiar theorem of 
Hadamard concerning the multiplication of singularities of functions 
defined by Taylor’s series. A Dirichlet series, f(s) => n-1 Gn€*n*, may be 
regarded as a generalization of Taylor’s series. If 2-1 then 
it is found that under certain conditions the function defined by the series 
(ln —Am)* can have no other singularities in the whole 
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plane but points a+ and 8, a designating a singularity of f(s) and Ba 
singularity of ¢(s). Here u is a suitably chosen positive number. The 
proof is made by replacing the integral of Parseval, of use in the proof of 
Hadamard’s theorem, by the integral (1/27i)/.f(s)(s)/s**4 suggested to 
the author by S. Mandelbrojt. 


42. Dr.C. C. Camp: A differential system in p independent 
parameters which leads to a multiple series development. 
Preliminary communication. 


For the simplest case =2 one has the system X’+(Aa+yub)X =0, 
Y’+(Ac+ud) Y=0 and the boundary conditions X(r)=X(—7), Y(x)= 
Y¥(—7z). By assuming A=A,D,—B,C,40, where 27A,=/", a(x)dx, etc. 
one insures the existence of a double set of principal parameter values alike 
for this system and its adjoint. In the biorthogonality condition one has 
the determinant a(s)d(t)—b(s)c(t) as a multiplier. The transformation 
va=AC;+uD, leads to a comparatively simple Green’s 
function. In the extension of Birkhoff’s contour method the evaluation 
by integrations by parts is effected by somewhat unusual algebraic re- 
arrangements of the integrands. The system may be arranged so that 
A>0 and if one restricts the coefficients a, b, c, d so that each one is either 
always of one sign or identically zero a satisfactory development of an 
arbitrary function f(x, y) of the usual sort is obtained with a double series 
so arranged that X, v;, v2 become infinite together. The author is extending 
the theory to include any number of parameters. 


43. Mr. H. S. Wall: On the Padé approximants associated 
with the continued fraction and series of Stieltjes. Preliminary 
communication. 


The sequence of odd convergents and that of even convergents of the 
continued fraction of Stieltjes converge to the same or to distinct functions 
according as }_a;, the series of coefficient of the continued fraction, diverges 
or converges. The writer finds that when } a; converges, every diagonal 
file of approximants parallel to the principal diagonal in the Padé table 
for the series of Stieltjes converges, no two to the same meromorphic 
function. When >_a; diverges two cases arise: either every diagonal file 
converges to the same function, which is analytic except for the whole or 
a part of the negative real axis, or else in a certain portion of the table 
they converge to one and the same meromorphic function, and in another 
portion to different meromorphic functions. The remainder after m terms 
of a Stieltjes series being a series of the same character, the question arises, 
whether Stieltjes series exist of which a given Stieltjes series is the re- 
mainder after n terms. When )_a; converges, such series exist: an infinity 
for each n; when dai diverges, and n =1, if and only if Yar converges. In 
this case, when the series exists for a given 7, all its coefficients are uniquely 
determined except the first, 
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44. Professor Louis Brand: Vector forms of the Euler 
equation in the calculus of variations and thetr relation to the 
Hilbert integral. 

The integral {F(r, T)ds over plane curves joining two fixed points is 
first considered, r being the position vector and T a unit tangent vector in 
the positive sense. Using normal variations, it is shown that V,F —dQ/ds =0, 
where Q(r, T) =FT+VrF, along an extremal; tangential variations yield 
only an identity in partial differentiation. If V, is always normal to the 
constant vector e, e- Q is a first integral of the above equation. In a field of 
extremals for which T=a, rot Q(r, a)=0; hence Q=VW and f/Q-Tdsis 
independent of thepath. This is the Hilbert integral. The curves W=const. 
are the transversals. If the comparison curves lie on a surface of unit normal 
n, V-F —(n XdQ/ds) Xn=0 along the extremals; m-rot Q=0 in a field and 
{Q-T ds again represents the Hilbert integral. When F=1 the equation 
states that the geodesic curvature is zero. For surface integrals [F(r, )do 
limited by a fixed closed curve,  -V,F+Div(Fn+A,F) =0 over the ex- 
tremals; here Div denotes the surface divergence. In a field for which n =c, 
div P =0, where P = Fc+VoF and the invariant integral is [P - n do. When 
F =1 the equation states that the mean curvature is zero. 


45. Professor J. B. Shaw: On linear algebra. 

The main developments of linear algebra have arisen from the considera- 
tion of the hypernumbers as linear operators, whence the characteristic 
equation and resulting properties. The present investigation is based upon 
the properties of idempotents and nilpotents, that is, the hypernumber 
is viewed from the standpoint of quadratic forms; a study of the struc- 
tures of algebras (non-associative and associative) shows the existence of 
an ever increasing complexity. 


46. Professor I. A. Barnett: Conformal transformations in 


function space. 

G. Kowalewski has found the most general regular infinitesimal trans- 
formation possessing the property of preserving the angle between two 
curves in function space. In this paper, the class of all finite transformations 
which can be generated by a certain subgroup of the above transformations 
is obtained. Analytically, this amounts to solving a set of linear integro- 
differential equations. These equations are completely solved and it is 
shown that the finite transformations generated by the above infinitesimal 
conformal transformation constitute a one-parameter family of non- 
singular conformal transformations. 


47. Professor Dunham Jackson: A problem in minima. 


Various problems have arisen by generalization of the least-square 
property of Fourier series, according to which the partial sum of the series, 
regarded as an approximation to the given function f(x), is distinguished 
among all trigonometric sums of like order by the fact that the integral of 
the square of the error is a minimum. If the integral is looked upon as a 
rudimentary Gramian determinant, of the first order, one form of generaliza- 
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tion is obtained by supposing that two functions f(x) and ¢(x) are given, 
and seeking a trigonometric sum T,,(x), of specified order n, to minimize the 
Gramian of the functions f(x) —T,(x) and ¢(x)—T;,(x). In the geometry 
of function space, the elementary problem calls for the minimizing of a 
distance, and the new one for the minimizing of the area of a triangle. This 
paper discusses the existence of a solution of the triangle problem for speci- 
fied n, and the convergence of the sums 7,,(x) which it defines, as n— ». 

48. Dr. Lulu Hofmann: On some special congruences of 
rays connected with analytic functions. 

Given an analytic function w =f(z), we choose two arbitrary planes (w) 
and (z) forming an angle a@ in ordinary three-dimensional space for the 
Gaussian planes of w and z and study the congruences of rays obtained by 
joining two corresponding points of (w) and (z). (For the general investiga- 
tion of such congruences in the case of parallel planes, see Wilczynski, Trans- 
actions of this Society, 1919.) For a general analytic function invariance 
with regard to @ is stated for the curves cut out in (w) and (z) by any 
developable of the congruence and for the anharmonic ratio formed on any 
line of the congruence by its focal points and its intersections with (w) and 
(z). The congruences of the functions w =cz*, where k isa positive integer, 
are examined in detail for the special position of the two Gaussian co- 
ordinate-systems in which the two points of origin and the two real axes 
coincide. Under the same assumption the congruence of w=c/z is studied. 
The focal surfaces are investigated by means of the representative system 
of plane curves according to the methods of algebraic geometry. 


49. Professor H. A. Simmons: On the existence of a solution 


of the Diophantine equation - - =1. 

The papers by Kellogg (American Mathematical Monthly, 1921, p.300- 
303) and Curtiss (ibid., 1922, p. 330-337) on the Diophantine equation in 
n variables >. 1/x,=1, led the author to study the equations 1/(x;x2) =1, 
>1/(x:x2x3) =1. In obtaining these solutions certain principles appeared 
which are independent of the number of variables in each unit fraction. 
Thus he was led to a solution of the general equation >. 1/(xix2" -- xs) =1, 
S any positive integer <n. The solution obtained for this equation is a 
perfect analog of Kellogg’s solution and indeed reduces to it in the case 
s=1. On account of Curtiss’s proof that Kellogg’s solution contains the 
maximum x that can appear in a solution of the equation ).1/x,=1 and 
additional facts, the author believes that his solution contains the largest x 
that can appear in a solution of the equation > 1/(xxe- -°x,)=1. 


50. Professor J. S. Turner: Positive determinants of the 
Seelhoff type. 
The present paper contains a number of positive determinants which can 


be used in a similar manner to those of Seelhoff for testing the prime of 
composite character of large integers. 


ARNOLD DRESDEN, 
Assistant Secretary. 
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THE MAY MEETING IN NEW YORK 


The two hundred fifty-fifth regular meeting of the Ameri- 
can Mathematical Society was held at Columbia University, 
on Saturday, May 7, 1927, extending through the usual 
morning and afternoon sessions. Attendance included the 
following eighty members of the Society: 


Alexander, Archibald, W. L. Ayres, F. W. Beal, A. A. Bennett, Blich- 
feldt, B. H. Camp, G. A. Campbell, Carmichael, W. B. Carver, Curry, 
Douglas, Edmondson, Farnum, Fite, D. A. Flanders, Fort, Philip Franklin, 
Gehman, Gill, Gronwall, C. C. Grove, Haskins, Hedlund, Himwich, 
Hollcroft, Ingraham, Joffe, W. A. Johnson, O. D. Kellogg, Kholodovsky, 
Kline, Koopman, Kormes, Langford, Langman, Lefschetz, Littauer, 
Litzinger, Lotka, MacColl, W. A. Manning, Michal, H. H. Mitchell, 
L. T. Moore, Mullins, Neelley, K. E. O’Brien, F. W. Owens, H. B. Owens, 
Paradiso, Pell-Wheller, Pfeiffer, Phalen, Pierpont, Post, R. G. Putnam, 
Raynor, R. G. D. Richardson, Ritt, Ruger, Rutt, Seely, Siceloff, Simons, 
Smail, Virgil Snyder, M. H. Stone, Teach, J. M. Thomas, Tracey, Veblen, 
Wedderburn, Weida, Weisner, H. S. White, Whittemore, Wiener, J. W. 
Young, Margaret M. Young. 


The Secretary announced .the election of the following 
eighteen persons to membership in the Society: 


Miss Margaret Charlotte Amig, St. Catherine’s School, Richmond; 
Dr. Walter Bartky, University of Chicago; 

Mr. John Montgomery Clarkson, Duke University; 

Mr. Hubert Leron Clary, radio engineer, Milwaukee; 

Mr. Thomas Freeman Cope, Adelbert College, Western Reserve University; 
Mr. Henry Leslie Garabedian, University of Rochester; 

Mr. José Treviiio Garcia, civil engineer, Parras, Mexico; 

Mr. John Jay Gergen, Rice Institute; 

Dr. Lulu Hofmann, Springfield, Ohio; 

Professor Robert E. Hundley, University of Cincinnati; 

Mr. Vern James, Stanford University; 

Professor Lida Belle May, Kidd-Key College; 

Professor Harry L. Miller, University of Cincinnati; 

Mr. Bernard Preston, certified public accountant, New York City; 
Mr. Ralph Grafton Sanger, University of Wisconsin; 

Professor Harold Ward Sibert, University of Cincinnati; 

Dr. Waldemar Joseph Trjitzinsky, University of Texas; 

Professor Charles Newman Wunder, University of Mississippi. 


The meeting of the Board of Trustees took place in the 
Murray Hill Hotel on the evening of May 6, and that of the 
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Council on May 7 at 9:30 A.m., in Columbia University. 

It was voted by the Trustees that all funds bequeathed 
to the Society should be added to endowment unless spe- 
cifically designated for other purposes. 

Professor E. W. Brown was invited to give the fifth Josiah 
Willard Gibbs Lecture in connection with the Annual 
Meeting to be held at Nashville. 

The following appointments were announced: to represent 
the Society at the Bicentennial of the American Philosophical 
Society in Philadelphia, April 27-29, Professors G. D. Birk- 
hoff, L. E. Dickson, and H. B. Fine; to represent the Society 
at the Centennial of Lindenwood College, St. Charles, 
Missouri, Professor W. H. Roever. 

It was announced that Professor R. L. Moore has accepted 
the invitation to give a Colloquium at the Summer Meeting 
of 1929 in Boulder, and that Professor J. H. M. Wedderburn 
has been appointed an associate editor of the Bulletin. 

An invitation was received from Amherst College to hold 
a mathematical conference of a few weeks duration about the 
time of the Summer Meeting which is to be held there in 1928. 
Brown University presented an invitation for the Summer 
Meeting of 1930 or 1931. 

The following committee was appointed to nominate to the 
Council a list of Officers and Members of the Council for 
1928: Professors D. R. Curtiss (chairman), W. B. Ford, 
D. C. Gillespie, E. R. Hedrick, and W. H. Roever. 

Professor Hollcroft presided at the beginning of the 
morning session, relieved by Ex-President Veblen and 
President Snyder. Vice-President Kellogg and President 
Snyder presided at the afternoon session. 

At the request of the Program Committee, Professor J. R. 
Kline delivered an address, at the beginning of the afternoon 
session, entitled Separation theorems and their relation to 
recent developments in analysis situs. Titles and abstracts of 
the other papers read at the meeting follow below. The 
papers of Alexander, Bray, Dodd, Douglas (third and 
fourth papers), Flanders, Garver, Haskell, Kasner, McVey 
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and Babb, Maria, Merriman, Murnaghan, Musselman, 
Richmond, Serghiesco, Weisner (second paper), and Why- 
burn were read by title. Professor Jules Drach was intro- 
duced by Professor R. G. D. Richardson, Mr. McVey by 
Professor Babb, Mr. Serghiesco by Professor Ritt, and 
Professor Struik by Professor Wiener. 

1. Dr. Louis Weisner (National Research Fellow): On 
m-dimensional cross ratios. 


Regarding the projective invariance of the cross ratio of four collinear 
points as its essential property, many writers have proposed unsatisfactory 
generalizations. The characteristic property of the cross ratio is not its 
invariance under projection, as an arbitrary function of the cross ratio 
also enjoys this property, but is that expressed by the following theorem: 
A necessary and sufficient condition that two sets of four collinear points be 
projective is that their respective cross ratios be equal. In generalizing to 
m-space, we seek functions which, in a similar way, provide conditions that 
two sets of m+3 points in m-space be projective. Such functions (m of them 
in m-space) have been proposed in Veblen and Young’s Projective Geometry, 
vol. 2, p. 55. It is shown in the present paper that these cross ratios have 
properties which are generalizations of the known properties of the classical 
cross ratio. Applications are made to Coble’s associated point sets. 

2. Dr. Louis Weisner: A new reciprocity law in invariant 
theory. 

The reciprocity law is a result of the observation that from an invariant 
I of degree d of an m-ary form of order n, expressed as the product of 
symbolic determinants of order m, we may form an invariant I’ of degree 
d of ak-ary form of order kn/m, where k =d —m, by replacing each determi- 
nant D of J by the determinant of order k consisting of those symbols in J 
which are not contained in D. By the same rule J is obtained from J’. For 
example, from the invariant (ab)?(ac)?(de)?(bd)(be)(cd)(ce) of the binary 
quartic we form the invariant (cde)?(bde)*(abc)*(ace) (acd) (abe)(abd) of the 
ternary sextic. The law breaks down if one and only one of the two cor- 
responding invariants vanishes. That this may actually occur is shown by 
an example. However, if one or two corresponding absolute invariants has 
the value 0, ~, or 0/0, the other also has this value. The reciprocity law 
is therefore valid for absolute invariants without exception. 


3. Dr. Louis Weisner: The functional equation defining 
diophantine automorphisms. 

This paper will appear in full in an early issue of this Bulletin. 

4. Dr. L. T. Moore and Dr. J. H. Neelley: Rational 
tacnodal and oscnodal quartic curves considered as plane 
sections of certain quartic surfaces. 
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This paper develops a system of invariants, which are functions of the 
coefficients of the cutting plane, for both the tacnodal and the oscnodal 
rational quartic curves. We also distinguish between the two types of 
tacnodes by means of an invariant. 


5. Dr. L. T. Moore: Note on the nodes of the rational plane 
quartic. 


The nature of the nodes of the rational quartic, given parametrically or 
as a section of the Steiner quartic surface, is determined from the invariants 
of the curve. 


6. Professor T. R. Hollcroft: The generalized Hessian. 


The definitions of the Hessian, Steinerian, and Cayleyan were extended 
by Salmon to include the covariant curves similarly related to the systems 
of first, second, third, etc., polars of an algebraic curve, but he did little 
more than define them. Any generalized Steinerian is also a generalized 
Hessian. The ordinary Steinerian now appears as a Hessian with respect 
to the net of polar conics. All generalized Hesstans have distinct nodes and 
cusps except the first Hessian. The characteristics of the generalized Hessian 
are found for a non-singular basis curve and for a basis curve with simple or 
compound singularities. The order and other characteristics of certain 
generalized Hessians are reduced by singularities of the basis curve. For 
every curve of odd order, a certain generalized Hessian coincides with its 
corresponding Steinerian. This curve is given the name mid-Hessian. The 
Hessian of the cubic isthe simplest example. A property of the mid-Hessian 
is that it can never have more than one singular point other than distinct 
nodes and cusps and this singularity can not be compound. 


7. Mr. A. J. Lotka: The progeny of a population element. 


In connection with population statistics as well as with the mathematical 
theory of evolution, it is of interest to know how the successive generations 
descended from an initial population element are distributed in time. 
Given a frequency distibution inany one generation, the mth, say, it is shown 
that the kth seminvariant of the frequency distribution of the (w+ 1)th 
generation is obtained by adding to the kth seminvariant of the mth genera- 
tion the kth seminvariant of the function f(a) =s(a)8(a), where s(a) is the 
fraction surviving to age a, out of a batch of births, while 8(a) is the fre- 
quency of reproduction at age a. (The discussion is restricted to the case 
in which s(a) and 8(a) are independent of the time, and are functions of 
the age a only. As corollaries we have the following: (1) the frequency 
quency distribution of births in advanced generations is essentially in- 
dependent of the frequency distribution in the initial population element; 
(2) thefrequency distribution of births ultimately approaches more and more 
nearly to the “normal” or Gaussian distribution. Formulasare alsodeveloped 
for (a) the frequency distribution expressing the relative contribution of 
coexisting “successive” generations, to the total birth rate at a given time, 
and (b) the total birth rate at any instant. 
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8. Professor Philip Franklin: A qualitative definition of the 
sub and super harmonic functions. 


An integral characterization of functions satisfying Poisson’s equation 
with non-negative density has recently been given by F. Riesz (Acta Mathe- 
matica, vol. 48, pp. 329 ff.) which identifies them with the super harmonic 
functions studied in other connections. In the present paper we give a set 
of postulates characterizing these functions which are of a more qualitative 
nature, in that they involve neither derivatives nor integrals. They are 
analogous to a set previously given for the harmonic functions themselves 
(this Bulletin, vol. 30, pp. 41 ff.). 

9. Dr. Tesse Douglas (National Research Fellow): The 
most general geometry of paths. 

A system of paths in an n-dimensional space S, is defined as any analytic 
system of curves in S, such that a unique curve passes through any given 
two points, or through any given point in any given direction. According 
as the paths are considered in a fixed parameterization or independent of 
any parameterization, we speak of an affine or projective space of paths. 
The principal theorems of this paper are the following: (1) Any affine space 
of paths is representable by d*x*/df? = H2'(x, p), (p =dx/dt), where H2‘(x p) 
denotes a function homogeneous of the second degree in p. (2) Any pro- 
jective space of paths is representable by d*x'/df?=Hz.*‘(x, p)+p'H,(x p), 
where H,*(x, p) are fixed functions of their kind, and H,(x, p) denotes an 
arbitrary homogeneous function of the first degree in p, whose variation 
affects only the parameterization of the paths, not the paths themselves. 
These results and their proofs will appear in the Proceedings of the National 
Academy, and an elaboration developing the basis of the geometry of a 
general system of paths in an early number of the Annals of Mathematics. 


10. Dr. Jesse Douglas: A method of numerical solution 
of the problem of Plateau. 


By replacing the partial derivatives in the equation of minimal surfaces 
(1+ 9*)r—2pgs+(1+p2)t=0 by their finite difference approximations, a 
formula is derived giving the value of a solution at the center of a small 
square in terms of the values at the midpoints of the sides and the vertices. 
A numerical solution of the problem of Plateau is based on the use of this 
formula in connection with successively finer and finer nets of square 
meshes constructed over the xy-plane. Applied to a chosen contour on the 
catenoid z =cosh~!(x?+ y?)/?, this method gives numerical results agreeing 
to four decimal places with a table of hyperbolic functions. The method is 
then applied to a contour where the solution is not known in advance. 


11. Dr. Jesse Douglas: A method of numerical solution of 
the problem of Dirichlet for a square. 


The value at the center of a small square, side 2h, in the xy-plane, of 
any solution of Laplace’sequation 0°2/dx?+0’z/dy? =0 is, upto infinitesimals 
of the order h*, the average of the values at the midpoints of the sides; 


= 
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also the average of the values at the vertices. It is found that if the former 
values are weighted four times as heavily as the latter, the resulting average 
gives the value at the center up to infinitesimals of the order of h®. On the 
basis of this relation, a numerical solution of different particular cases of 
the problem of Dirichlet for a square is effected by a successive approxima- 
tion procedure involving the use of a sequence of nets with square meshes. 
It is expected in a future paper to apply this method to numerical computa- 
tion of the function @(u) for which g2=1, g;=0. 


12. Dr. Jesse Douglas: Contact transformations of 3-space 
which convert a system of paths into a system of paths. 


The following theorem is proved: Given a proper contact transformation 
T(i.e., one not reducing to a point transformation) of a 3-space S; into 
another 5S; ; if there exists a system of paths in S; (in the sense of our first 
paper, above) which is converted by I into a system of paths in Sj, then 
both systems of paths must be linear (equivalent by point transformation 
to the straight lines of a projective space), and r must have the form PDP,, 
where P, P; are any point transformations and D is a dualistic transforma- 
tion. 


13. Professor James Pierpont: On the geometry whose | 
absolute is a ruled quadric. 


The equation of a non-degenerate quadric has one of the three following 
forms: =0, x4? = 0,41? ++ 12? — x3? — x2 =0. Each 
of these taken as the absolute defines a geometry; the first gives elliptic, the 
second gives hyperbolic geometry. The last is a ruled quadric, and the 
question arises as to what kind of a geometry this defines. Poincaré 
(Bulletin de la Société de France, vol. 15(1886), p. 206) has stated a few 
properties for the plane; the author has seen no other reference. The present 
paper undertakes a study of this space. 


14. Dr. C. H. Langford: On inductive relations. 


Difficulties, connected with the occurrence of reflexive fallacies, appear 
when we attempt to give straighforward definitions of inductive series. 
These difficulties arise inevitably from the fact that, if a series is to be in- 
ductive, in the ordinary sense, properties of all orders must be transmitted 
in the series, and it would seem that no proposition, nor any finite set of 
propositions, can assert that properties of all orders are transmitted. In 
this paper, it is held that, although propositions in extension are strictly 
subject to differences of type, propositions in intension are not; and that 
propositions in intension, modal propositions, fall outside the heierarchy, 
and may, in an important sense, be about any proposition. This distinction 
of modal and material propositions leads to an analogous distinction of 
modal and material properties; and modal properties are important in 
definitions of inductive series. 


15. Dr. B. O. Koopman: On multiple-valued functions of 
several complex variables. 
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We consider the infinitely multiple-valued monogenic function 
f(z:, > + * , Zn), every branch of which is meromorphic in a finitely multiply- 
connected region R of the complex 2 - - - Z,-space. Evidently f(z, - + + , Zn) 
admits an infinite monodromy group. By the rank r of f(z, +--+ , zn) shall 
be meant the maximum number of functionally independent branches at 
any point. When f(z:,- ~~ , Zn) is given, 7 is determined, and 1<r<n. We 
show that there is a 2r-dimensional region 2 on a complex 1 - + + %,-space 
which admits a group of (1-1) analytic automorphisms, isomorphic with 
the monodromy group, and having the same effect on the branches. In 
general, r=n. The case r<n arises if and only if f(z:,-+- , 2.) is an in- 
tegral of m-—r independent equations of the form 2Z,(df/dx;)+ 
---+Z,(0f/dz,) =0, the Z’s being single-valued meromorphic functions of 
++ ,2n)in R. When r=n—1, and when , Zn) is real, 2 and its 
group of automorphisms forms an immediate generalization of the ring- 
transformation (surface of section) for the dynamical system dz,/Z;= -- - 
=dz,/Z,. Other special cases are furnished by the inverses of certain auto- 
morphic and Cremona functions. 


16. Dr. B.O. Koopman: The Riemann multiple-space and 
algebroid functions. 


The object of this paper is two-fold: first, we define the notion of the 
Riemann surface in its extension to the case of several variables from the 
point of view of abstract sets; the desideratum is that the result shall be 
sufficiently general for the purposes of the theory of functions, without 
having unnecessary generality. The second and more extensive part of the 
paper studies the result, from the point of view of analysis situs, in the case 
of functions defined by algebroid and algebraic equations. The methods 
used are those of the theory of analytic factorization (see Osgood, Funk- 
tionentheorie, vol. 2, Chapter 2), and of combinatorial analysis (see Veblen, 
The Cambridge Colloquium, Part II). After dividing the Riemann 
multiple-space into a complex of analytic cells, it is shown that, in the case 
of algebraic functions, the result is a generalized manifold (Veblen, loc. cit., 
p. 92), while the branch points and non-spherical points form circuits of 
cells of the complex, of certain specified sorts. Corresponding theorems 
may be stated in the case of algebroid functions. 


17. Mr. S. Serghiesco: On an integral giving the number of 
the common roots of a system of simultaneous equations. 


First suppose that two equations f =0, ¢=0 are given. We assume that 
the conditions that Picard’s well known formula giving the common roots 
of this system shall reduce to a line integral are satisfied. In the present 
paper a new and general integral is obtained, giving the same number of 
roots by making use of the differential invariants of f+A¢=0. This integral 
is then generalized, for the case of m equations f;=0, f2=0,---,f,=0, to 
an integral of order n—1, by means of the differential invariants of f,+Afe 
+yfz+ ---=0. A verification of Picard’s results for the case of polynomials 
is also given through this new formula. 
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18. Mr. R. N. Haskell: A note on Stieltjes integrals. 


Given h(P), a continuous function of the point P, and F(w), a bounded 
additive function of regular curves w, and a sequence {8,} of positive 
numbers converging to zero; if the fundamental region A be divided into 
finite number K,, of simply connected regions bounded by regular curves 
{W,‘}, with diam.(Wn*) <n, (i=1, 2,--+, Kn), then the Riemann sum 
> F(W2*) approaches a unique limit /,h(P)dF(w) as n—~, in- 
dependently of the system of curves W,‘ by which it is calculated. This 
limit is therefore equal to the Stieltjes integral /h(P)d F(s) as usually defined 
by means of segments, s. 


19. Dr. G. M. Merriman (National Research Fellow): 
Concerning the summability of double series of a certain type. 


The discussion in the present paper is pointed to a general theorem 
containing, for example, the result that if am,» is the general term of a double 
series summable (C, 7, s), then d@m,,m~'n- is the general term of a double 
series which is summable (C, r—h, s—k). The discussion is carried out 
through generalizations to double series of the Rieszian summation means, 
here defined for the first time; and it includes, necessarily, a proof of the 
equivalence, as a means of summation, of certain of these Rieszian means 
to the double Cesiro means. A by-product is the important theorem that 
a series summable (C, 7, s) is also summable (C, r’, s’), r’>r, s’>s; this 
result has been proved before only for integral values of 7, r’, s, s’. 


20. Professor F. D. Murnaghan: On the degree of arbi- 
trariness of the wave equation in the new quantum mechanics. 


For a dynamical system with fixed constraints, moving in a stationary 
conservative force field, the action, W = —Et+-S(q), satisfies the Hamilton 
equation dW/dt+H(q, 3W/dq)=0. Here denotes the positional co- 
ordinates of the system, and E the constant total energy, both kinetic and 
potential, of the system. The partial differential equation of the family of 
moving surfaces F(g, 1) =0, on each of which W takes a constant value, is 
found by putting F=f(W), whence dW /dq =(0W/dt)((0F/dq)/(0F/dt)) 
= and H(q, —E(0F/dq)/(dF/dt)). For a moving 
particle we get the familiar equation (0F/dx)?+(dF/dy)?+(dF/dz)? 
=(2M(E—V)/E?)(0F/dt)?. The wave equation is to have the surfaces 
F=0 for its wave fronts, i.e. characteristics. It may be written g1,07y/dx? 
+ /dz? =g407y where gu, for example, is any 
function of (x, y, 2, t, ¥, ¥/dx, d¥/dy, dY/dz, A¥/dt) which reduces to 1 
when y and the first-order derivatives are zero. ¢ is any function of the 
same arguments reducing to zero when y and its first-order derivatives 
vanish. The introduction through ¢ of terms in the first order derivative of 
y¥ is interesting in connection with the theory of a magnetic field. 


21. Professor E. L. Dodd: The probability law for the 


intensity of a trial period, with data subject to the Gaussian law. 
This paper will appear in full in an early issue of this Bulletin. 
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22. Dr. Raymond Garver: A series solution for certain 


rational cubics. 

Any rational cubic, with minor exceptions, can be transformed rationally 
into an equatiog of the form x*+A(x+1)=0. By means of certain sub- 
stitutions and an inversion we obtain an expression for a real root of this 
equation as a power series in 1/(A-+m). The series for m =4 is studied. 


23. Dr. Raymond Garver: Arccotangent relations and 


expressions for 7. 
A number of arccotangent relations are developed (some of which the 
author has not seen before) ; these lead to several new arctangent expressions 


for 
24. Dr. Raymond Garver: A type of function with k dis- 


continuities. 
An analytic expression is given for a type of function which is, in general, 
discontinuous at k points, where k is any positive integer. 


25. Professor J. R. Musselman: On an imprimitive group 
of order 5184. 

In an earlier paper, read before the Society December 29, 1924, the 
author discussed a certain configuration in three-dimensional space. In 
the present paper he considers the imprimitive group of order 5184 under 
which the configuration is invariant. Associated with the configuration are 
eight Eckhardt cubic surfaces and twenty-seven sets of desmic tetrahedra. 
A similar problem in the plane leads to an imprimitive group of order 216 
associated with four Hesse configurations. Both papers will appear together 
in the American Journal of Mathematics. 

26. Dr. G. T. Whyburn: Concerning irreducible cuttings 
of a continuum. 


A subset K of a continuum M is a cutting of M provided M—K is not 
connected; K is an irreducible cutting of M if no proper subset of K cuts M; 
K is a cutting of M between the points A and B of M provided M—K is the 
sum of two mutually separated sets M, and M; containing A and B 
respectively. Let M denote any continuum, A and B any two points of 
M, and K an irreducible cutting of M between A and B, (if one exists). It is 
shown in this paper that (1) if M—-K=M.,+M), as above, then M.+K 
and M,+K are continua; (2) if M is indecomposable, no set K can exist; 
(3) if M is a continuous curve, then every cutting of M between A and B 
contains a set K; (4) if every subcontinuum of M is a continuous curve, 
then every cutting of M contains an irreducible cutting of M; and (5) if M 
is a bounded plane continuum, and H is an irreducible cutting of M which 
has more than two maximal connected subsets, then M—H is the sum of 
two mutually separated connected point sets. 


27. Dr. G. T. Whyburn: On the separation of indecom- 
posable continua and other continua. 


= 
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In this paper it is shown that if M is any indecomposable continuum 
and [A,] is any countable collection of mutually exclusive subcontinua of 
M, then no subset of >” A; disconnects M. It is also shown that if M is any 
continuum whatever, X and Y are any two points of M, and K denotes the 
set of all those points of M which separate X from Y in M, and H is any 
connected subset of K, then (1) every point of H, save possibly two, is a 
cut point of H; (2) if H is closed, it is a simple continuous arc; (3) if A isa 
cut point of H, then H—A is the sum of two mutually separated connected 
point sets; (4) if A and Bare any two points of H, then H contains one and 
only one connected subset which is irreducibly connected between A and B; 
(5) if H has two non-cut points A and B, then H is irreducibly connected 
between A and B; and conversely, if H is irreducibly connected between 
some two of its points, these points are the non-cut points of H. 


28. Professor H. F. Blichfeldt: The reduction to six terms 
of the general quadratic differential form in four variables. 


This paper shows that the general quadratic differential form in four 
variables, aijdxidx;, (i, 7 =1,2,3,4), of non-vanishing determinant, can, 
by a suitable choice of variables, y;,--- , ys4, be reduced to the form 
Budy1?+ yo? +2 ys. Corresponding 
reductions are given for the general quadratic form in m variables. 


29. Professor W. A. Manning: The primitive groups of 
class fourteen in which the positive subgroup is of class greater 
than fifteen. 


All the primitive groups of class 14 contain negative permutations. 
Those in which the positive subgroup is of class 15 are best studied in 
connection with the primitive groups of class 15. The author announces 
that there are but four primitive groups of class 14 in which the positive 
subgroup is of class greater than 15. There are (1) the simply transitive 
primitive group according to which the symmetric group of degree 9 
permutes its 36 transpositions; (2) the simply transitive primitive group 
of degree 49 and order 3(7!)? isomorphic to the group generated by (ad), 
(bcdefg), (a8), and (aa)(bp)(cy) (dé) (ee)(fe)(gn); (3) the triply 
transitive group of degree 22 and order 22-21-20-96 which occurs in 
Mathieu’s quintiply transitive group of degree 24 as a transitive constit- 
uent of the largest subgroup in which the subgroup that leaves two letters 
fixed is invariant; (4) the doubly transitive subgroup of (3) of degree 21 
and order 21-20-96. 


30. Professor Edward Kasner: Irregular differential in- 
variants. 11: The group of all analytic transformations. 


This paper is a continuation of an earlier paper by the author, read at 
the February, 1927, meeting of the Society; it gives a qualitative classi- 
fication of irregular analytic elements (represented by fractional power 
series). Some species, like (p=2, g=3), have no invariants; others, like 
(p=5, g=6), have invariants. 
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31. Professors D. J. Struik and Norbert Wiener: The 


quantum theory as a corollary of relativity. 

In a general manifold of four dimensions, we assume a linear partial 
differential equation of the second order and the hyperbolic type. By means 
of the appropriate invariant theory, we cast it into a unique normalized 
form, involving a tensor of the second order, a vector, and an invariant 
scalar, representing respectively the gravitational field, the electromagnetic 
field, and a term connected with the quantum theory. On the assumption 
of the Einstein field equations for the gravitational field, our equation 
assumes a form which has already been given for the Schrédinger wave 
equation of quantum mechanics. 


32. Professor G. A. Pfeiffer: Certain sequences of curves 


which approach a rectifiable boundary from within. 

In this paper there is established the fact that if the boundary of a re- 
gion G(a set of inner points) is a simple rectifiable closed curve C, then there 
exists a sequence of simple rectifiable closed curves, C;, such that (1) every 
curve C; is in G, (2) every point of G is in the interiors of all but a finite 
number of the curves C;, and (3) if J; is the length of C;, then the length of 
C is the limit of the sequence {/;}. The above theorem is obtained by 
means as elementary as the matter seems to permit. It is then shown that 
the curves of the sequence {C;} may be taken as equipotential lines of the 
region G. 


33. Mr. W. L. Ayres: Concerning the arc curves and basic 


sets of a continuous curve. 

If K is a subset of a plane continuous curve M, the arc curve of K with 
respect to M (denoted by M(K)) is the set of all arcs of M whose end points 
belong to K. Any subset of M whose arc curve is M itself is called a basic 
set of M. A large number of the properties of arc curves are obtained in 
this paper. Probably the most important are the following: (1) every point 
which is a limit point of M(K) but not a point of M(k) isa limit point of K; 
(2) M(K) is arc-wise connected im kleinen; (3) whenever K is closed, M(K) 
is a continuous curve; (4) every interior point of an arc of M whose end 
points are points or limit points of M(K) belongs to M(K). Necessary and 
sufficient conditions are given in order that a subset of M bea basic set of M 
and in order that a basic set of M be irreducible. 

34. Mr. W.L. Ayres: On the structure of a plane continuous 
curve. 

In this paper the limiting arc curve of a continuous curve M at a point is 
defined, and the following statements are proved: (1) if P is a point of M 
lying on no simple closed curve of M and a is any arc of M containing P, 
then P is a limit point of the cut points of M which lie on a; (2) the set of all 
simple closed curves of M containing a given point P is a continuous curve; 
(3) if P isa point of M, the limiting arc curve of M at P(a) exists and consists 
of the single point P, (b) exists and is the set of all simple closed curves of M 
containing P, (c) does not exist, if and only if (a) P lies on no simple closed 
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curve of M, (b) P is a non-cut point of M and lies on some simple closed 
curve of M, (c) P is a cut point of M and lies on a simple closed curve of M; 
(4) acontinuous curve M is acyclic if and only if the limiting arc curve of M 
at P is P for every point P of M; (5) acontinuous curve M is cyclically 
connected if and only if it contains a point P such that the limiting arc 
curve of M at P is the set M itself. 


35. Mr. N. E. Rutt: Concerning the cut points of a con- 
tinuous curve when the arc curve, ab, contains exactly n inde- 
pendent arcs. 


In this paper the author proves that if aand b are twodistinct points of a 
continuous curve E, and if there exists a number m such that in E from 
a to b there are m independent arcs and only , then there are in E points 
P,, P:,- ++, such that E is disconnected and a and are not 
in the same connected subset. 


36. Mr. D. A. Flanders: The double elliptic geometry in 
terms of point, order, and congruence. 


The set of axioms presented in this paper possessess two properties of 
particular interest. The first may be termed “dimensional categoricity,” 
by which is meant that every proposition in space of a given dimensionality, 
n, is demonstrable in terms of axioms whose hypotheses predicate the 
existence of not more than m dimensions. The second may be described by 
saying that the space is characterized by its one-dimensional axioms; i.e., 
in order to extend the space beyond the first dimension, the only new axioms 
required are existence and closure axioms. 


37. Dr. D. E. Richmond (National Research Fellow): 
Number relations between types of extremals joining a pair of 
points. 

Let A and B be a pair of points in an-extremal-convex region for a 
calculus of variations problem. An extremal arc joining A to B may be 
assigned a type number equal to the number of points on the arc conjugate 
to A. Existence theorems are obtained for certain relations between the 
numbers of extremals of different types which join A to B, by an appropri- 
ate choice of integrand and by application of envelope theory. 


38. Professor H. E. Bray: Is a function of écart fini neces- 
sarily of limited variation? 


In Liouville’s Journal, (4), vol. 8 (1892), p. 166, Hadamard raised the 
question as to whether a continuous function of écart fini is necessarily 
of limited variation. In this note it is proved that the function x sin (1/x) 
is of écart fini. The answer is therefore in the negative, for the function in 
question is also continuous, but is not of limited variation in the interval 
Osx 


— 
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39. Dr. A. J. Maria (National Research Fellow): Deriva- 


tives of functions of plurisegments. 

The author obtains theorems concerning the derivative of a function of 
plurisegments with respect to an absolutely additive function of point 
sets. Use is made of the results contained in an article by the author which 
is to appear in the Annals of Mathematics. 

40. Dr. A. J. Maria: Derivatives of functions of several 
variables. 

In this paper the author shows that a function of bounded variation 
f(x, y), defined in the rectangle R (0<x <a, O<y<b) can be represented 
as the sum of two functions s(x, y) and a(x, y). The function s(x, y) is 
such that d*s/dxdy is zero nearly everywhere in R, and a(x, y) is equal to 
Jc Ji (@f/axdy)dxdy. The theorem rests on the theory of functions of 
plurisegments developed by the author in a previous article (Transactions 
of this Society, vol. 28 (1926), pp. 448-471). 

41. Mr. P. McVey and Professor M. J. Babb: On (n-k) 


numbers. 

A number the sum of whose factors is nk is called an (n-k) number. 
A technique is developed for even (n-k) numbers, and it is shown that no 
odd (n-k) numbers exist. 

42. Professor J. W. Alexander: Topological invariants of 
knotted curves in 3-space. 

In this paper, certain topological invariants of knotted curves in 3-space 
are derived. The principal invariants are in the form of polynomials with 
integer coefficients. 

43. Professor Jules Drach: Integration by linear systems 
of equations of the type r+f(s, t) =0. 

This paper gives some unexpected results on the general integration 
by linear systems of equations (1): r+f(s, t)=0, where dz=pdx+qdy, 
dp=rdx+sdy, dq=sdx+tdy. If m,, m2 are the roots of m?—m(df/ds) 
+df/dt =0, we have for the characteristics of Cauchy two integrable com- 
binations: ds+m.dt = Ada, ds+m,dt=Bdg. With the new variables a, B, 
equation (1) can be replaced by (2): F(Z) =(0°Z/dad8) +(4(0Z/da) 
- (8Z/A8)) =d2, and X(a, 8) is such that r and ¢ are two solutions of (2). 
Equation (2) may be transformed by dZ =u*da+vd8 into a linear system 
(3): 8u/d8=dv, dv/da=du. For each form of A(a, 8B), we have, for two 
arbitrary solutions of (3), dt 
+v,°d8, and we may then obtain equation (1). With the general solution 
u,v of (3) we have =u, vyy+0ex and 
—(xP+yQ), where dP dQ =uujda+v,d8, dZ=u*da+vdB; 
these equations give x, y, z as functions of a, 8. By means of (2) and a 
transformation due to Goursat, we may obtain, in a regular way, all the 
equations (1) that may be integrated by quadratures only. 


R. G. D. RICHARDSON, 
Secretary. 


1927.] TRANSCENDENTAL NUMBERS 413 


A CLASS OF TRANSCENDENTAL NUMBERS 
BY S. MANDELBROJT 


The purpose of this short note is to determine a class of 
transcendental numbers by considerations relating to series 
of powers. I shall give here a theorem quite different from 
those that I have given previously.* I shall prove the follow- 
ing theorem. 


THEOREM I. Let > a,x"=F(x) be a power series having 
singularities only within the circle with center at the point 
1 and radius 1/(K—1), K an integer, there being at least one 
essential singularity within the circle, not at the center. 

If there exists a number ¢ and an integer K’ <¢ such that the 
quantities 


ren 1 
K"(a +) = = 1,2,---) 


are integers, then ¢ is a transcendental number. 
I have given elsewhere the following theorem.t{ 


THEOREM II. Jf the series > b,x" =f(x) represents a func- 
tion having singularities only within the circle with center at 
1 and radius 1/(K,—1), where K, is an integer, and if the 
quantities 


(1) b,K* = Nx 
are integers, then we have 
P(x) 
x) = 
f(x) 


in which h is an integer and P(x) a polynomial. 


From this theorem, I then proved the following theorem. 


* Comptes Rendus, Feb. 1, 1926; Journal de Mathématiques, 1926. 
¢ Journal de Mathématiques, 1926. 
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TueoreM III. [Jf a series }ocax"=(x) has at least one 
singular point distinct from the point 1, and if an integer 
Kz exists so that the quantities 


= N,®, (n = 1,2,---) 


are also integers, then, if we denote by xo the argument of 
the singularity of (x) which is farthest from the point 1, 
we shall have 

1 


2) 
(2) | Xo | K-1 


In these theorems, the point at infinity was counted with 
the other points; that is, in Theorem II, we assumed the 
point at infinity to be a regular point for }>b,x". Likewise 
in Theorem III, if the point at infinity happens to be a 
singular point, the inequality (2) is devoid of meaning. 
But we can now generalize Theorem II by adding that if 
the point at infinity is a pole for f(x), and if the other singu- 
larities be within the circle above mentioned, we shall still 
have 


if the property (1) is satisfied. 

The proof in this case will be almost the same as for 
II*. We will only remark that Hurwitz’s theorem can be 
generalized to series of the form 


fe) = = 
0 


0 


viz., that the series 


As A 
4 Ao 
x 


On+mBm+1 -+- + (- 1)"Bmin@n+1 


x” 


* See Journal de Mathématiques, 1926. 


P(x) 
f(x) = 
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has as singularities, besides the point at infinity, only 
points of the form a+, where a is a singular point of 
f(x) and 6 a singular point of 

A. We can therefore see that if the series }>a,x" is such 
that there exists an-integer K so that the quantities a,K” 
are integers, then if P(x) is a polynomial with integral 
coefficients, the function 


P(x) 


is such that there exists an integer K,<K, so that the 
quantities Kf b, are integers. This results immediately from 
the form of the coefficients 5,: 


b, a,Ao + Qy1A1+--- + 
where 
P(x) => Ag tAyxt+ + Apx?. 


We write then, returning to the theorem to be proved, 
1 1 
= = F(x) + ——-- 


If we suppose that ¢ is an algebraic number, there will be 
a polynomial with integral coefficients such that P(x) /(€—x) 
will be regular in the entire plane except for the point at 
infinity. Hence the function @(x) = P(x) - F(x) has singulari- 
ties only within the circle with center at the point 1 and 
radius 1/(K’—1), except for a pole at infinity. 

This results from the remark A, that there is an integer 
K,5K’, such that the quantities c,Kf are integers, and 
also from the fact that the singularities of @(x), except 
for the point at infinity, lie within the circle with center 
at 1, and radius 1/(Ki—1). Accordingly, by Theorem II, 
as generalized above, it follows that #(x) must be of the 
form P(x)/(1—x)*. But this is impossible, since we as- 
sumed @(x) to have a singularity at some point other than 
the center of the circle. Hence ¢ must be a transcendental 
number. 
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CAUCHY’S CYCLOTOMIC FUNCTION 
AND FUNCTIONAL POWERS* 


BY E. T. BELL 


1. Introduction. Let ¢(n) as usual denote the totient 
of n. Cauchy’s function is the polynomial F,(x) of degree 
o(n), whose zeros are the primitive mth roots of unity. 


If a, b, c, e, - - - are the distinct prime divisors (>1) of 2, 
(1) F,(x) = Nq(x)/Da(2), 
where 


An anonymous writert in L’Intermédiaire des Mathéma- 
ticiens (vol. 24 (1917), pp. 5-6), stated that J] F.(1) =n, 
where d ranges over all divisors of n, also that the value 
of F,(—1) is 2 if m is a power of 2, F,(1) if m is double an 
odd prime p, but is 1 in all remaining cases. The second 
part seems to be incorrect. For example, F2(x)=x+1, 
Fis(x) =x®—x° +1, Foo(x) and hence 
for n=2, 18, 50 the respective values of F,(—1) are 0, 3, 5, 
not 2, 1, 1 as demanded by the assertion. To obtain in §3 
the correct values of F,(—1) it is convenient to prove in 
§2 the first result stated, which in turn depends upon a 
theorem of Trudi, which we shall also prove in §2 as several 
details of the proof are useful. Finally, in §§4, 5 we connect 
F,(x) in a new way with other numerical functions, to 
illustrate what are here called functional powers. 

We shall need G,(x) defined by 


(2) G,(x) = M,(x)/R,(x), 


* Presented to the Society, San Francisco Section, June 18, 1927. 

+ Quoted from the Report on Algebraic Numbers, Bulletin of the National 
Research Council, vol. 5, Part 3, No. 28 (1923), p. 32, where it is also 
stated that no reply is given in L’Intermédiaire for 1917-19. References 
to other writers cited here will be found on pp. 31, 32 of the Report. 
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where 
M,(x) = (x" + 1) +1)---, 
Ra(x) = + 4+ 1)---. 
Hence if »=2°m, m odd, a>0, we have 


(3) F,,( x2") = Gn(x2* Gm(x)F m(x) 


For the same n, a, m, it follows from (1) on resolving each 
difference of 2 squares into a product of a sum and difference, 
and comparing with (1), that 


(4) F,(x) F /F 


which is the special case of Dickson’s recursion formula 
(his prime p here =2, Report, p. 32) which will be required 
presently. 

2. Proof that [| Fa(n) =1. Let u(n) be Mobius’ function; 
u(1)=1, w(n) =0 if m is divisible by a square >1, and in 
the contrary case u(z)=1 or —1 according as the number 


of prime divisors of m is even or odd. Then we may write 
from (1), 


(5) = [[ (a4 — 1), 


where [| extends to all pairs (d, 5) of conjugate divisors 
>0 of n, so that di=n. If m is divisible by precisely ¢ 
distinct primes, (6) takes the value 1 for exactly 


values of 6, and it takes the value —1 for precisely 


values of 6. Hence 2‘! factors x—1 may be cancelled in 
F,(x) as written in (1) or (5), after which no factor in the 
numerator or denominator vanishes when x=1. Since 


(x* — 1)/(x — 1) = +4 xt? 4---4241 
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has the value k when x=1, we find, after cancellation as 
indicated, 


n[1(n/ab) - - - 
[](n/abc) - - - 


and hence, by the same argument as before, we may cancel 


all n’s and get 
[I (@ [] (abc) 
(ad) [] (adce) 


Consider all the products 7 at a time of the ¢ distinct 
primes a, b, c, e, - - - and let their product be P. Among 
these products there are precisely G-3) that contain a given 
prime, say a; for with a may be taken all products j—1 
at a time of the remaining ‘—1 primes. By convention 
()=1, s20. Thus each prime factor in all the (;) products 
occurs precisely (;_;) times, and therefore the product of all 
the (j) products is P*, k= Hie . In the numerator of F,(1) 
the possible values of j are 1, 3, 5, - - - ; in the denominator, 
provided ¢>1, they are 2,4,6,---. Hence, if ¢>1, 
F,(1) =P*/P*, where u=v=2'. If t=1, we have n=p2, 
p prime, and from (1), 


F,(1) = 


F,(1) 


which after cancellation of x—1 as before, gives F,(1) 
=p*/p*'=p. Finally then we have Trudi’s result that 


(6) F,(1)=1, or 


according as m is not or is a power p* of a prime p. 
Let »=a* D8 - - - cv be the resolution of m into its prime 
factors. By (6), among all the divisors d of n only 


give values of d for which F,(1) = 1, while for the typical case 
d=a4, F,(1)=a. Hence from (6), (7), 


F.(1) = --- cv 


where [J refers to all divisors d of n. 
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3. Value of F,(—1). Referring to (1), and noting that 
there are the same number of binomial factors in N,(x), 
D,(x), also that x"—1=—2 when m is odd and x= —1, 
we see that 


Henceforth, let 1 =2¢m, m odd, >1. If in (2) we cancel all 
factors x+1 and set x= —1 in the result, we get (by §2), 


(9) Gn( — 1) = F,,(1). 
Again, if a=1, it follows from (4), (3) that 
(10) Fom(x) G(x), 


and hence by (9) 
(11) Fon( = 1) F,(1), 


the value of which is known from (6). If a>1, we see from 
(4), (3) that 


(12) F,(z) = Ga(x?*”'), 


which by (10) holds also when a=1. Now if B>0, the value 
of each binomial factor in G,(x?)* for x= —1 is 2, and since 
(see(2)) M,(x) and R,(x), by §2, have equal numbers of such 
factors, it follows from (12) that F,(—1)=1 when a>1. 
There remains only the case F,(—1), s=2*%,a>0. We have 
F,(x) =x+1, F.(—1)=0; while if a>1, 


F,(x) = (22% — 1)/(22** — 1) = +1, 


and hence F,(—1)=2 for this s. 

Hence if n=2%u, where p21 is odd, the value of F,(—1) 
is 0 if a=yu=1; it is 2 if a>1, w=1; it is p if a=1 and 
u=p®, B>0, p>1 prime (odd or even); Fi(—1)=—2; in 
all other cases F,(—1) =1. 


4. Functional Powers. It will be necessary to recall a 
few definitions and theorems from previous papers. A second 
theorem of Trudi’s ((14) below) is a simple example of 


| 
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what may be called the extraction of functional roots, for 
reasons which we now explain. 

We call f(x) a numerical function of x if f(1) 40 and if 
f(x), for each integral value >0 of x, takes a single finite 


value. Let f;(x) (j=1,---,) be numerical functions, 
and let > refer to all sets (di, do, - - - , d,) of positive in- 
tegral solutions of d,, de, - - - , d,=mn for nm fixed. Then, as 


explained in a previous note,* f,(d:)fo(ds) - - -fe(dx) is 
written as a symbolic product f; fe --- fx, called simply the 
product of the numerical functions fo, ---,f; with the 
parameter n. Two such products are equal, f=g, only when 
the sums which they represent are equal for all values of 
the parameter, which may therefore be suppressed in the 
notation. The multiplication thus defined is abstractly 
identical with that in common algebra, being associative, 
commutative, and distributive, and having the unique unity 
e, where e(1) =1, e(2) =0, n>0. If f is any given numerical 
function, there exists a unique numerical function f’, called 
the reciprocal of f, such that ff’ =e, and we may write f’ =€/f. 
The set of all numerical functions is an abelian group under 
multiplication as just defined. If only functions having the 
same parameter are added the set is a field, but the con- 
sequences of addition are uninteresting. 

In a former paper,{ we assigned to f*, where f, g are numeri- 
cal functions, the meaning 


where the product extends to all pairs (d, 6) of conjugate 
divisors of the arbitrary constant integer »>0. Equality 
of such functional powers, f*=h*, where f, g, h, k are nu- 
merical functions, is defined as equality for all integers 
n>O of the corresponding products, and as before we may 


* This Bulletin, vol. 27 (1921), pp. 273-275. This method was first de- 
veloped in University of Washington Publications in Science, No. 1, 1915. 
+ L’Enseignement Mathématique, 1923, pp. 305-308. 
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omit reference to the parameter m. It was shown that 
each of the following equalities implies the other, 


9= fk gl — 


all the letters denoting numerical functions, and gl, kl being 
products as defined above. Hence the algebra of functional 
powers is abstractly identical with that of powers in common 
algebra. In particular then the following are equivalent 
relations, 


f? = h*, fel® he's, 


and the second is said to be derived from the first by ex- 
tracting the gkth (functional) root of both members (or by 
raising both members to the e/(gk)th power). 

In the last paper cited, and from a more comprehensive 
point of view in another,* I established a triple isomorphism 
between the several algebraic varieties (fields, rings, rays, 
etc.) usually considered in arithmetic and the above products 
fg --- and powers f? on the one hand, and, on the other, 
with the algebra of polynomials in two indeterminates in an 
arbitrary field. This isomorphism refers the derivation of 
relations between given numerical functions f, g,h, k,---, 
such as fg=hk, f*=h"*, etc., to identities between the poly- 
nomials described. It is mentioned here because the few 
relations required presently for purposes of illustration were 
obtained, without computations, by its means; we may as- 
sume them known. 


5. Cauchy’s Function as a Functional Power. Understand- 
ing the variable x in (1) we consider F,(x) as a numerical 
function of m and write F,(x) = F,=F(n), and similarly for 
X,,(x) =x"—1=X(n). Then (5) is equivalent to 


(13) F = 


* Transactions of this Society, vol. 25 (1923), pp. 135-154. 
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Let u(n)=1 for all integers n»>0. Then, e being the unit 
defined in §4, uu=e. Hence (13) implies 


(14) Fe = X. 


In full (14) is ]] Fa(x) =x"—1, where J] refers to all divisors 
d of n, a theorem due to Trudi. 

It will be of interest to write down a few further conse- 
quences of raising (13) to functional powers (including the 
extraction of roots). Let w(n)=mn for all integers ”>0. 
Then @¢=pw (¢ as in §1), and hence 


(15) Fe = X¢, 


or in full, 
= 


the products extending to all pairs (d, 5) of conjugate 
divisors of m. Again, if k(m)=1 or 0 according as 7 is or is 
not the square of an integer >0, and A(m)=1 or —1 ac- 
cording as the total (not the number of distinct) prime 
divisors of m is even or odd, wk=X. Hence, raising both 
members of (13) to the kth power we have 


(16) = 
As a last example (the number may be multiplied indefinitely 


by the methods indicated), let v(m) =the number of divisors 
of nm. Then py=u, and 


(17) = X*, 
which in full is 
Il F@)® = 1). 


Similarly, if we write G,(x)=G,=G(n), Y,(x)=x*+1 
=Y(n), it follows from (2) that (F, X) may be replaced 
by (G, Y) in (13)-(17) and in any relation of a similar kind. 


CALIFORNIA INSTITUTE OF TECHNOLOGY 
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A POINT SET WHICH HAS NO TRUE QUASI- 
COMPONENTS, AND WHICH BECOMES 
CONNECTED UPON THE ADDITION 
OF A SINGLE POINT* 


BY R. L. WILDER 


If M is a set of points, and P is a point of M, then the 
quasi-component of M determined by P is the set of points 
common to all possible sets Mi, where M=Mi+M2, M, 
contains P, and and are mutually separated sets. 
If M is a connected set, then the quasi-component of M 
determined by P is M itself. If M is not connected, then 
it can be considered as the sum of its quasi-components. 
If a quasi-component consists of more than one point, it 
is called a true quasi-component. If all the quasi-components 
of M reduce to single points, that is, if M contains no true 
quasi-components, then M is totally disconnected (i. e., 
has no connected subset consisting of more than one point). 
However, the quasi-components of a totally disconnected 
set do not necessarily reduce to single points. Sierpinski 
has givent an example of a set of points N and a point P 
not in N, such that N has no true quasi-components, and 
such that the set N+P, although totally disconnected, con- 
tains a true quasi-component consisting of P and a certain 
point of NV. 

Knaster and Kuratowski have given§ an example of a 
totally disconnected set of points S, which becomes con- 
nected upon the addition of a certain point a; i. e., Sta 


* Presented to the Society, February 26, 1927. 

t See F. Hausdorff, Grundztige der Mengenlehre, Leipzig, 1914, p. 248. 
Two sets are called mutually separated if they have no point in common, 
and if neither contains a limit point of the other. 

t Sur les ensembles connexes et non connexes, Fundamenta Mathematicae, 
vol. 2 (1921), pp. 81-95. 

§ Sur les ensembles connexes, Fundamenta Mathematicae, vol. 2 (1921), 
pp. 206-255. See especially pp. 240 ff. 
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is a connected set. In this example, one notices that the 
point set S has uncountably many true quasi-components, 
each of which has a as a limit point. 


The properties of the point sets N. and S just mentioned ~ 


suggest the following question: Does there exist a point set 
M and a point P not in M, such that M has no true quast- 
components but such that M+P is connected? It is the purpose 
of the present note to answer this question in the affirma- 
tive. 

Consider a point set M constructed in the following man- 
ner: In the ordinary number plane, denote the points 
(0, 0), (2,0) and (1,1) by A, B, and P, respectively. The 
interval AB of the x-axis is the sum of c (where c is the 
cardinal number of the continuum) mutually exclusive sets 
each of which is dense in A B.* Call the class of these sets X. 
Let C(X) be a one-to-one correspondence between the 
elements of the class X and the real numbers {t}, 0<iZ1. 
Consider now the class, K, of all continua contained in 
triangle PAB and its interior, which have points in common 
with both AP{ and PB, but do not contain P. Sincef this 
class has the cardinal number c, there exists a one-to-one 
correspondence C(K) between its elements and the set of 
real numbers }f{, 

If tis any real number such that 0 let that element 
of class X which corresponds to ¢ under the correspondence 
C(X) be denoted by X;. Similarly, denote that element 
of K which corresponds to ¢ under the correspondence 
C(K) by K;. Then if K,, is an element of K and X,, is an 


* See Knaster and Kuratowski, loc. cit., p. 252. I wish to acknowledge 
here my indebtedness to this noteworthy work. It will be noticed that the 
suggestion for the method of attack which I employ in the present problem 
is contained in the construction of Knaster and Kuratowski’s example 
(8) (pp. 245 ff.), of a connected punctiform set which is irreducible be- 
tween two points. 

+ Hereafter in this paper, if U and V are two points, UV will denote 
that interval from U to V on the straight line through these two points. 

t Cf. Knaster and Kuratowski. loc. cit., p. 253. 
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element of X, these two sets will be said to correspond to 
one another if and only if h=h. 

If T is any point of the interval AB, whose abscissa is x, 
denote the interval PT by /,. For every real number f, 
0<t<1, there corresponds a set of points M, defined as 
follows: For every interval /,, where x is the abscissa of a 
point of X,, let m, be the point of minimum ordinate of 
the set of points common to K, (the set which corresponds 
to X,) and /,; the set of all points {m-} constitutes the set 
M,. For every real number ¢, 0S#<1, there corresponds 
a definite set M,, and no two of these sets have a point 
in common. 

Denote by M’ the set of all points p, such that p is con- 
tained in some set M,. Denote by M the set M’— Mo. 

1. The set of points M is totally disconnected, and, more- 
over, has no true quasi-components. For let a and b be 
two points of M. Let /,, and /,, be those intervals ot the 
set {/,} that contain a and b, respectively. Since no /, 
contains more than one point of M, x; and x2 are unequal, 
say %1<*2. As Xo is dense in AB, there exists a point of Xo 
whose abscissa, x3, satisfies the relation x11<x3<x2. The 
interval /,, contains no point of M, by definition. Let the 
set of all points of M which lie on intervals /, for which x <x; 
be denoted by M,, and the set of all points of M which lie 
on lines 1, for which x>x3 be denoted by Mz. Clearly Mi 
and M2 are mutually separated sets containing a and 3, 
respectively. Hence M is totally disconnected and has no 
true quasi-components. 

2. The set of points M+P is connected. For suppose 
it is not connected. Then 


M+P = M,+™2, 


where M, contains P and M, and M, are mutually separated 
non-vacuous sets. Let Q be a point of M2. By a theorem 
due to Knaster and Kuratowski,* there exists a continuum 


* Loc. cit., Theorem 37. 
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H* which separates the plane between P and Q, and contains 
no point of M+P. 

Let that interval of the set {/,} which contains Q be 
denoted by PF, where F is the intersection of this interval 
with AB. Then the arc PAFQ=PA+AF+FQ, together 
with PQ, forms a simple closed curve J. Denote the interior 
of J by R. By Lemma 2 of my paper A connected and regular 
point set which has no subcontinuum,{ there exists a sub- 
continuum H’ of H which is a subset of J+R and has at 
least one point in common with each of the arcs PAFQ 
and PQ. Since neither P nor Q is a point of H’, it is clear 
that H’ cannot lie wholly on PF. Let g be the smallest 
number such that /, contains a point of H’. Clearly OSg<f, 
where f is the abscissa of F. Denote the point of AB whose 
abscissa is g by G. Let D and E be points of H’ on PG 
and PF, respectively. Then AD+H’+£B forms a con- 
tinuum of class K, say K,,. If t;,=0, let B’ be an interior point 
of the interval PB, and let K;, be the continuum AD+H’ 
+EB’. Then 4,0, and the set M;, is a subset of M+P. 
As g<f, and X,;, is dense on AB, there exists a number e 
such that g<e<f and that point of AB whose abscissa is e 
belongs to X;,. Then that point of M,, determined by the 
intersection of /, and K;, is necessarily a point of H’. That 
is, H’ and M have points in common. This is impossible, 
since H’ is a subset of H and the latter set has no point 
in common with M. Hence the supposition that M+P 
is not connected leads to a contradiction. 

Thus by 1. and 2. the set of points M+P is an example 
furnishing an affirmative answer to the question raised at 
the beginning of this note. 


* A continuum is a closed and connected set which contains more than 
one point. A continuum H is said to separate the plane between two points 
P and Q if P and Q do not lie in the same domain complementary to H, 
and neither lies in H. 

t See Transactions of this Society, vol. 29(1927), pp. 332-340. 


1927.] TCHEBYCHEFF POLYNOMIALS 427 


I shall close with one further observation as to the 
properties of the set M. Mazurkiewicz calls* a set M 
quasi-connected if for every point m of M there corresponds a 
positive number \ such that there does not exist any divi- 
sion of M into two mutually separated sets M, and M, 
such that M, contains m and the diameter of M, is less 
than \. He gives} an example of a quasi-connected set 
which contains no true quasi-components. That the set 
M constructed above is another example of such a set is 
easily shown; indeed, the value of \ may be taken uni- 
formly equal to unity for all points of M. 


THE UNIVERSITY OF MICHIGAN 


A SIMPLE METHOD FOR NORMALIZING TCHEBY- 
CHEFF POLYNOMIALS AND EVALUATING 
THE ELEMENTS OF THE ALLIED 
CONTINUED FRACTIONS{ 


BY J. A. SHOHAT [J. CHOKHATE | 
1. Introduction. Consider a system 
(1) P,(2), (n = 0,1,2,---), 


of orthogonal, but not normal, Tchebycheff polynomials 
corresponding to a given (finite or infinite) interval (a, d) 
with the characteristic function p(x). The corresponding 
normalized system of polynomials will be denoted by 


(2) on(p ; x) = = a,(p) S.(p)z""" 


(n 0,1, > 0). 
We have, then, 
O,m ~n, 
(3) = 
a 1,m =n. 


* Sur les ensembles quasi-connexes, Fundamenta Mathematicae, vol. 2 
(1921), pp. 201-205. 

t Loc. cit. 

t Presented to the Society, April 16, 1927. 
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The normalization of the system (1), i. e., the evaluation of 
b 
f 


in general requires considerable computation, even in the 
simplest cases (e. g. Legendre, Laguerre, Hermite poly- 
nomials), where we ordinarily use the known explicit expression 
of the polynomials involved. Very often we have to use 
other characteristic properties (differential equations, dif- 
ference equations, generating functions, etc.) if we wish 
to know more of the polynomials concerned, for example, 
if we wish to evaluate S,, the sum of the roots of ¢,(x), 
or @,(a), or the elements of the “corresponding” and “asso- 
ciated” continued fractions 


(4) > p(y) bi(p) 
bo(p) 
b3(p) 
Ai(p) 


of which the first exists in case a20. 

The object of this article is to develop an extremely 
simple and elementary method,* which in cases of poly- 
nomials of Legendre etc., gives directly, with practically 
no computation, the exact value of dn, Sn, * 
and in more general cases the asymptotic expressions (for 
n—2) of these quantities. The method does not use any 
property of our polynomials, except the relations (3), and these 
only in the simplest manner. 


* A method similar with regard to the underlying idea has been de- 
veloped for a different purpose by W. Stekloff in his paper Sur une applica- 
tion de la théorie de fermeture. . .. , Mémoires de |’Académie des Sciences, 
St. Petersburg, vol. 33 (1914), pp. 1-59. 
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2. Fundamental Formulas. The following formula follows 
at once from (3): 


n+l 
(5) >> gixidx = + be 
a i=0 


where the g; are arbitrary. 
In connection with the continued fractions (4), we shall 
use also the following formulas: 


On21(p) 
6 = ———? 
(6) + 
b 
(7) Cn41(P) = S,(p) = f p(x) x? (x)dx,* 
a2_1(p) ag_1(px) 
(8) on( P) (p) 


Assume now the existence of the derivative p'(x) in (a, b).¢ 
In the fundamental formula 


b b 
F(b) — F(a) = F(x) | = fPaias, 


replace F(x) by 
p(x)? (x)x*, P(x) 
with e=0, 1; and we get immediately, using (5) only, 


b 


ll 


(9) ] ar, 


a 


b 


(10) p(x) (x) | J + 2n +1, 


a 


* J. Chokhate (J. A. Shohat), Sur le développement de Vintégrale 
ts [p(y)/(x—y)] dy..., Rendiconti del Circolo Matematico di Palermo, 
vol. 47 (1923), pp. 25-46; pp. 29-30. 

+ This assumption is made here for the sake of simplicity and can be 
greatly modified. 
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b 
(11) | f 


Gn+1(P) 
a,(p) 


+ (n + 1) 


(12) | =f 


a,(p) 
These formulas give directly the values of an(p), Sn(P), On(3), 
An(p), - > -, if the nature of p’(x) is known. 


3. Illustrations. In order to illustrate the application of 
formulas (9)—(12) we consider some special important cases. 
A. Legendre polynomials: (a, b)=(—1, 1), p(x) =1. 


2n+ 1 
(13) $2(1) = $2?( — 1) = » [from (9),(10)] ; 
On+1 (2n + 1)(2n + 3)\'/? 
= f 11 
(14) an ( (nm + 1)? ) 
(15) Sati = 0, [from (12)]. 
Replacing in (14) m by 0, 1, 2, - - - , #—1, and multiplying, 
we find 
1-3-5---(Qn— 
16 = 
(16) n! \ 2 


since we have, in general, 


1 b 


and therefore, for the ordinary Legendre polynomial P,(x), 
by (13) or (16), 


2 
f = . 
= | 2n 1 
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B. Generalized polynomials of Laguerre: (a, b) =(0, ©); 
=e*x*""(a>0); p'(x) = —p(x)+[(a—1)p(x)/x]. We 
get similarly 
(17) Capi = 2n + = + +), 

[from (10), (7)] ; 


1 


an [w+ 
1 
= 
+ + a) 
The formula (9) gives for Laguerre polynomials (a =1) 


(18) 


» [from (12) ]. 


(19) on (e-* ; 0) = 1. 
C. Polynomials of Hermite: (a, b)=(— ©, ©); p(x) =e7*". 
(20) Cay = 0, Sn41 = 0 [from (9) or (12)], 


On+1 ( 2 
wee * 


The above formulas, combined with (6)-(8), give directly 


(21) 


* p(y) Ai 
ay = 
Ae 
t= 
(22) °°. 
with n? 
+1)" 
b 
f >0) = : 
be 
== 
(23) 
= 
Ae 
= 


Gn = (from (11)]. 
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with bo, =n+a—1, dongi=M, Angi =n(n+ta—1), 


ev'dy 


Ae 
= 


with A,4,=27/2. 


4. Generalizations. In more general cases we replace in 
the formulas (9)-(12) above, the expression p(x)¢,? (x), - - - 
by p(x)f(x)¢.2 (x), - - - , with a properly chosen f(x). Thus we 
get, ina very elementary way (even with f(x) =1), asymptotic 
expressions (for n>) of Gn, An, , Which lead to 
new important results. This will be developed elsewhere. 
We shall give one illustration only. 

Let us assume that (a,b) is finite, and that p(x)= 
(x—g)*—'q(x) (a>0) with g’(x)/g(x) bounded on (a, b), and 
q(b)¥0.* Then a very simple combination of (9), (10)T 


gives 
2n+1 1/2 1 
(b — a)*q(b) n 


Furthermore, 


n(b) = + o(1)), finite, = 1,2, ---), 


where H;(>0) does not depend on n. 
Legendre polynomials are included here as a very special 
case. 
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* See the second footnote on page 429. 
Take (10)—aX(9). 


1927.] HILBERT’S THIRTEENTH PROBLEM 433 


ON HILBERT’S THIRTEENTH PARIS PROBLEM* 
BY H. W. RAUDENBUSH, JR. 


At the Paris Congress in 1900, Hilbertt presented for 
proof the proposition that the function f of the three vari- 
ables x, y, and z satisfying the equation 


(1) f+ 


cannot be represented by the use of a finite number of 
continuous functions of not more than two arguments. 
In this note a small part of this problem is considered. 
We shall prove that the function f cannot have the form 
Fla(x, y), B(y, z)], where F(a, B), a(x, y) and B(y, z) are 
analytic functions. 

Before proceeding to the proof it is necessary to notice 
certain properties of the partial derivatives f,, f,, and f,. 
They satisfy the identities 


(2) Uf.=f'; Uf, = f*, Uf.=f, 

where U=—(7f'+3xf?+2yf+z)#40. For finite values of 
x, y, and z, f is finite and does not vanish. Hence U is 
finite and therefore the first partial derivatives cannot 


vanish. 
In the proof we assume that 


(3) f(x,¥,2) = Fla(x,y),B(y,2)], 


where F(a,8), a(x,y), and B(y,z) are analytic functions. 
Since f,~0 and f,#0, a,~0 and 6,0 for finite values of x, 
y, and z. The Jacobian condition for functional dependence 


fe fy fe 
ae a, 0 = 0 
0 Bb B: 


* Presented to the Society, February 26, 1927. 
t This Bulletin, vol. 8 (1901-2), p. 461. 


= 
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can then be written in the form 
A(x, y)fz + Se +- Cly,2)fs = 0, 


where A=—a,/a, and C=—8,/8.. Multiplying by JU, 
making use of (2), and subsequently dividing by f, we get 


(4) A(x, 9) f? + f + C(y,2) = 0. 


It is now easy to show that A is linear in x. Differentiating 
(4) with respect to x and separately with respect to z we 
find by the use of (2) that A,-=C,. Since C does not contain 
x, C, does not contain x and hence A, is a function of y 
alone. 

We shall now show that A does not contain x at all. The 
eliminant with respect to f between (1) and (4) is an identity 
in x that has for its term in the highest power of x the term 
contributed by the expansion of A’. This term must vanish 
identically and hence the coefficient of x in A must vanish 
identically. But if A does not contain x we have by (4) 
f.=0. This is impossible and the assumption that f satis- 
fies (3) leads to a contradiction. 

Similarly it can be shown that f cannot have either the 
form Fla(x,y), B(x,z)] or the form Fla(x,z), B(y,z)]; all 
functions being assumed analytic. 


CoL_uMBIA UNIVERSITY 
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GENERALIZATION OF THE BELTRAMI EQUATIONS 
TO CURVED n-SPACE* 


BY G. E. RAYNOR 


Let S be a curved n-space in which the linear element 
is given by the equation 


(1) ds? = Exjdxidx;, (i,j =1,2,--- ,n). 
Without loss of generality, we may suppose 

(2) Ei; = Eji. 

Also let U, (¢=1, 2,---,m), be a set of m independent 
functions of x1, x2, ---,Xn- 


We shall say that the U® are isothermal in S provided 
they satisfy the relation 


(3) (dU)? = Ex ;dxidx;, 


where J is a function of the x; only. 

If in (3) we express the dU“ in terms of the differentials 
of x1, X2,---, X, it follows from the independence of these 
differentials that the coefficients of corresponding terms on 
the two sides of the equation are equal and we obtain the 
n(n+1)/2 equations 


(4) > = 


Let D be the discriminant of the quadratic differential form 
in (1) and suppose it to be written as a determinant 


(5) 
in which £;; is the element in the ith row and jth column. 


If each element of (4) be multiplied by \ and if for \E,; 
be substituted its equal given by the left side of (4), we 


* Presented to the Society, September 9, 1926. 
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readily see that the resulting determinant is the square of 
the Jacobian 


,U®, 


O(x1, %2, » Sa) 


Hence we have 
(6) J = 


In all that follows we shall suppose J to be written as a 
determinant in which U! , the derivative of U‘ with respect 
to x;, is the element of J in the 7th row and jth column. 
Multiply both sides of (6) by v. on the left letting the 
factor go into the 7th row of J. Now if we multiply each row 
of J, other than the ith, by its jth element and add the cor- 
responding products to the elements in the ith row, (6) 
becomes by means of (2) and (4) 
(7) Ni; = 
where J;; is the determinant obtained from J by replacing 
its ith row by the jth row of D. From (6) and (7) we obtain 
(3 y® Ji ) 
) Jo—Dinpiin = 1,2, --- 
This last set of n? equations are of the form obtained, by a 
different method, by Hedrick and Ingold* for curved 3-space. 
Their equation in our notation may be written 
(9) U3; = PJi; 
where P is an unspecified factor of proportionality. However, 
it may be seen as follows that equations (9) are equivalent 
to (8). Replace each element of J by its expression given 
by (9) and we obtain 


(10) J = 


* Transactions of this Society, vol. 27 (1925), p. 561. 


| 
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Now each element J;; of the determinant |J;;| is a deter- 
minant which has one row of D in it. If we expand this 
determinant by cofactors with respect to the elements of 
this row we find that lJ «| breaks up into the product 


DA; 
where A, is the adjoint of J. Hence (10) becomes 
J = 
and 
1 


If n=2, equations (8) become 


(11) Us 


(i,j = 1,2), 


which are precisely the well known Beltrami equations of 
differential geometry. These equations have the property 
that the derivatives of either one of the U“ are expressed 
in terms of the £;; and the derivatives of the other U only. 
This is not the case for m>3 in (8), since J on the right 
contains US which appears on the left. To obtain a more 
desirable form we proceed as follows. 

From the sub-set of the equations in (8) obtained by 
keeping 7 fixed, we get by taking ratios, 


Ji ‘ 
(12) (k ¥ j). 


ij 
After substituting these —pereaons for U® i in the ith row 
of J on the right side of (8), ee can be removed as a factor 
from this row and solving the resulting equation for u? 
we obtain 


i 
(13) Us) = 


M 2n—2) (2n—2) 


where by M; we mean the determinant obtained from J by 
replacing its ith row by the 7th row of the determinant |Jij|. 


= 
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Equations (13) contain none of the derivatives of U on 
the right and hence we have all the partial derivatives of 
U® expressed in terms of the £;; and ve, (k¥1). Hence 
(13) is the desired generalization of the Beltrami equations 
to curved m-space. 

It can readily be shown, conversely, that if a set of func- 
tions satisfy (8) or (13) they also satisfy (3).* 

We now proceed to find the differential equation satisfied 
by each of the U“ singly. Let C,; denote the cofactor of 
the element in the ith row and jth column of J. Then in 
(8), if we expand the J;; by cofactors with respect to the 
row of E’s contained in them, (8) can be written 


(i,k = 1,2, 


If out of the above set of m? equations we solve the set of 
n, obtained by holding z fixed, for the C;; we get 


Nj 


(15) 


where N;; is the determinant obtained from D by substitut- 
ing the 7th row of J for the jth row of D. If now J in the 
last equation be expanded with respect to cofactors of the 
ith row, (15) becomes 


n (i) (n—2)/n 
Vala \ 
k=l 


(16) Ci; = Devin G = 


From (16) we get, by taking ratios, 


Nu 
(17) Ca = — (kj). 
Ni; 
Substituting these values for Cx, in the right of (16), and, 
solving the resulting equation for C;;, we have 


* See Hedrick and Ingold, loc. cit., p. 562. 
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n (n—2) /2 
Wa Un \ 


k=1 


(18) Ci 


Now by a well known property of Jacobians,* 


(19) 

OX; 
Hence, if in (19) the expressions on the right of (18) be sub- 
stituted for C;;, we will have the differential equation satis- 
fied by U“ alone. It is readily seen that the form of this 
equation is independent of the index (z) and hence the 
functions 


UM, U®,.--, um 


satisfy the same differential equation, which may be looked 
upon as a generalization of Laplace’s equation to curved 
n-space. 


WESLEYAN UNIVERSITY 


THE NON-EXISTENCE OF A CERTAIN TYPE OF 
REGULAR POINT SETT{ 


BY R. L. WILDER 


Ina paper not yet published, I have shown that a regular§ 
connected point set which consists of more than one point 
and remains connected upon the omission of any connected 
subset, is a simple closed (Jordan) curve. As a simple closed 
curve is a bounded point set, it is clear that there does not 
exist any unbounded regular connected point set which 
remains connected upon the omission of any connected subset. 


* Muir, Theory of Determinants, vol. 2, p. 230. 

+ Presented to the Society, December 29, 1926. 

t See, however, this Bulletin, vol. 32 (1926), p. 591, paper No. 35. 
§ That is, connected im kleinen. 


— 
— 
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In the present paper I propose to consider the following 
question: Does there exist any unbounded regular connected 
point set which remains connected upon the omission of any 
bounded connected subset? If the additional restriction that 
it be closed is imposed upon the point set, J. R. Kline has 
shown* that the answer to this question is negative. In 
his proof Kline is able to make use of known properties 
of continuous curves. For the general case of non-closed 
sets these properties are not available, but by establishing 
certain properties of connected and regular point sets it is 
possible, as shown below, to give a negative answer to the 
above question. 

DEFINITION. If M is a regular point set, a region of M 
is defined as follows: P being any point of M, and Ca 
circle with center at P, then the set of all points of M which 
lie, with P, in a connected subset of M which lies within C 
is a region of M. It is clear that the set of all points of M 
which lie in a certain neighborhood of P are in a region of M. 

DEFINITION. If A and B are two distinct points of a 
regular set M, a simple chain of regions of M from A to 
B is a finite sequence of regions of M, Ri, Ro, ---, Ra, 
such that (1) R; and R: contain A and B, respectively, 
(2) R; (é41, n) has points in common with Rj; and Rj, 
but not with any other region of the sequence, (3) R; and 
R, have points in common with R, and R,_;, respectively, 
but not with any other region of the sequence. 


THEOREM 1. Jf A and B are any two distinct points of a 
regular connected point set M, then there exists a simple chain 
of regions of M from A to B. 


The proof of Theorem 1 is similar to the proof of Theorem 
10 of R. L. Moore’s On the foundations of plane analysis 
situs.T 


* Closed connected sets which remain connected upon the removal of certain 
connected subsets, Fundamenta Mathematicae, vol. 5 (1924), pp. 3-10. 
{ Transactions of this Society, vol. 17 (1916), pp. 131-164. 
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THEOREM 2. If M is a regular point set, then any region 
of M is a regular potnt set. 


THEOREM 3. If M is a regular connected point set, bounded 
or unbounded, and A and B are any two distinct points of M, 
then both A and B lie in a bounded, regular, connected subset 
of M. 


Theorem 3 is a consequence of Theorems 1 and 2. 


THEOREM 4. Let C; and C, be two mutually exclusive 
point sets, and M a regular connected point set which has at 
least one point in common with each of the sets C, and C2, 
and such that the set of points common to M and C; (4=1, 2) 
1s closed in M. Then there exists a point set K, subset of M, 
such that K is connected and bounded and contains no point 
of either C, or C2, but such that C, and C, each contain at least 
one point of M which is a limit point of K. 


Theorem 4 is a generalization of the result contained in 
my paper A theorem on connected point sets which are con- 
nected im kleinen.* Its proof, after an application of Theorem 
3, is very similar to the proof of the result of the latter paper. 


THEOREM 5. If P is a point of a connected and regular 
point set M such that M—P 1s the sum of two mutually 
separated} sets M, and M2, then M,+P and M2+P are con- 
nected and regular sets. 


Proor. Let K be any circle with center at P. Since M 
is regular, there exists a circle T concentric with K, such that 
all points of M interior to T lie with P in a connected subset 
of M which lies wholly interior to K. Denote by k the set 
of all points of M that lie with P in a connected subset of 
M which lies wholly interior to K, and by ¢ the set of all 
points of M that lie interior to T. Clearly ¢ is a subset of k. 


* This Bulletin, vol. 32 (1926), pp. 338-340. 
+ Two sets are said to be mutually separated if they are mutually 
exclusive and neither contains a limit point of the other. 


| 
| 
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By a theorem due to Knaster and Kuratowski,* M4,+P 
and M.+P are connected sets. Denote the set of points 
common to k and M; (i=1, 2) by k;. Neither of these sets 
is vacuous, since both M, and M, have points in common 
with i, and hence with k. Clearly k—P is the sum of the 
two mutually separated sets k; and ke. That is, P is a cut- 
point of k. 

It follows by the theorem of Knaster and Kuratowski 
referred to above that ki: +P and k.+P are connected sets. 
If x is any point of M, interior to 7, then x is a point of k 
and a fortiori of k:. Then there exists a connected subset 
of M,+P, namely k,+P, which contains both x and P 
and lies wholly within K. That is, the set of all points 
of M,+P which lie interior to T lie, with P, in a connected 
subset of M4,+P which lies wholly interior to K. Hence 
M,+P is regular at P. That it is regular at all other points 
is easily seen. Similarly, /.+P is regular. 


THEOREM 6. If M is a regular point set, Ra region of M, 
and P a point of R, then if k is a maximal connected subset 
of R—P, k+P is a regular connected point set. 


Proor. If R—(k+P) is vacuous, k+P is a regular con- 
nected set by Theorem 2. If R—(k+P) is not vacuous, 
denote it by g. Then R—P is the sum of the two mutually 
separated sets k and gq, and hence, by Theorem 5, k+P is 
connected and regular. 

DEFINITION. If Misa point set, and C, and C2 are mutually 
exclusive point sets, and H is a connected subset of M 
which has no point in common with either C,; or C2, but has 
limit points which are points of in both C,; and C2, then H, 
together with those points of M in C,+(C: which are limit 
points of H, will be called a set K(C;, C2)M.7 If the set 

* B. Knaster and C. Kuratowski, Sur les ensembles connexes, Funda- 
menta Mathematicae, vol. 2 (1921), pp. 206-255, Theorem 6. 

+ I have made use of the sort of set defined here in other connections. 
See my paper A property which characterizes continuous curves, Proceedings 


of the National Academy, vol. 11 (1925), pp. 725-728. Also see this 
Bulletin, vol. 32 (1926), p. 218, paper 4. 
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H is identical with that maximal connected subset of 
M—MxXCi—M XC, determined by H, then H together with 
those points of M in C,+C, which are limit points of H, 
will be called a maximal set K(C,,C2)M or, for the sake of 
brevity, a set K’(C,, C2) M. 

DEFINITION. If M is a regular point set, P a point of M 
and C a circle enclosing P, then a branch of M with respect to 
P and C isa set K’(P, C)M. 


THEOREM 7. There does not exist, in the plane, a regular, 
connected, unbounded point set which remains connected upon 
the omission of any bounded connected subset. 


Proor. Suppose there does exist such a set. Denote 
it by M. 

1. If Cis any circle, and P a point of M within C, say for 
convenience at the center of C, then I shall show that there 
exist infinitely many distinct branches of M with respect to 
P and C such that any two of these are, except for P, mutu- 
ally separated. 

Let S be the region of M which is determined by P and C. 
Since M is regular, there exists a circle T with center at P 
such that all points of M interior to T lie in S. Denote 
the set of all points of M interior to T by 7;. 

The set S—P is not connected. For if it were, then 
M-—(S-—P) would, by hypothesis, be connected, which 
is impossible since this set contains no point of T; except P. 
Then S—P is the sum of two mutually separated sets S, and 
Se. The sets S,+P and S:+P are connected, and by 
Theorems 2 and 5 are regular. If x is a point of S;, then by 
Theorem 4 the set S,+P contains a set K(P, x) (Si+P). 
Denote this set by ki. The set M—P being unbounded, 
connected (by hypothesis) and regular, contains a set 
K(x, C) (M-—P). Call this set ke. Denote that portion 
of k2 which is not on C by kf. The set kz is connected and, 
since it contains x, is a subset of S;. Denote the set ki+ke 
by k. Then k is a set K(P, C)M. If to the set kitk: be 
added all those points of that maximal connected subset 
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of S—P determined by x, as well as the limit points of these 
points which are in M and on C, the resulting set is a set 
K'(P, C)M, wiich will be denoted by K;. Denote the set 
of points K,—-P—K,XC by H;. Then Hi is a connected 
subset of 

In a similar way it can be shown that there exists a 
set H, which is a subset of S:, and which, together with 
P and its limit points on C that belong to M, forms a set 
K’'(P, C)M which will be denoted by Kz. The sets MH, 
and H: are mutually separated. 

(a) If Ki—P and K.—P are not mutually separated, 
their sum forms a connected set NV. 

(b) If K,—P and K.—P are mutually separated, let the 
set of all points of K; (i=1, 2) which lie between and on the 
circles C and T be denoted by B;. The sets B, and B, are 
closed in 1/—P and mutually exclusive. Hence, by Theorem 
4, there exists a set K(B,, B,) (M—P) which is bounded. 
Denote this set by Ni. Then (K,—P)+(K.2—P)+Mi is a 
bounded connected subset of M—P which will be denoted 
by N. 

In either case (a) or (b), then, there exists a circle G 
concentric with C, whose radius is greater than the radius 
of C, and which encloses a connected subset, NV, of M—P, 
which contains K;—P and K.—P. If g is the region of M 
determined by P and G, then g—P is the sum of two mutu- 
ally separated sets g,; and go, and g:+P and ge+P are con- 
nected and regular. As N+P is connected and lies within G, 
it is clear that it is a subset of g. Hence N is a subset of 
£i:+g2 and being connected is a subset of one of the sets 
£1, 22, say gi. As above, we can show that M contains a 
set k; which is a branch of M with respect to P and G, and 
which, except for P and its points on G, is a maximal con- 
nected subset of ge. If hs denotes that portion of ks; which is 
not on G, then the set h3+P is regular, by Theorem 6, 
and hence contains a set K’(P, C)M which will be denoted 
by K;. It is clear that the sets K, and K; are, except for P, 
mutually separated. Denote the set K;—-P—K;XC by H;3. 
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By means of Theorem 4, it can be shown that there exists 
a circle G, of radius greater than the radius of G, such that 
the sets K;—P (1=1, 2, 3) all lie in a connected subset, F, 
of M, which lies within G,. If gq is the region of M determined 
by P and Gi, then g—P is the sum of two mutually separated 
sets, g: and ge, one of which, say q:, contains F. Then a 
subset K, of g2+P may be found which is a set K’(P, C)M. 

Continuing as indicated above, the existence of an in- 
finite sequence of sets Kz, K3, Ks, ---, such that for every 
positive integer n>1, K, is a set K’(P, C)M, and such that 
any two of these sets are, except for P, mutually separated, 
is established. 

2. Consider in particular the sets Ke, K3, Ks, and Ks. 
For each i, (i=2, 3, 4, 5), let A; be a point of K; on C. 
Two of these points must separate the other two on C; 
say As and A; separate As and A; on C. As M—(K,+Ks) 
is connected, by hypothesis, and regular since K,+K; is 
closed in M, it follows that there exists, by Theorem 4, 
a bounded set K(A2, A3) (M—K,—K;) which, together with 
the set of points K.+K;—P, is a bounded connected subset 
V of M—P. There exists a circle E concentric with C, 
which encloses V and contains no limit points of it. 

Just as the existence of branches of M with respect to 
P and C were established, it can be shown that there exists 
an infinite set K;(A,), (¢=1, 2, 3, ---, 7=4, 5), of branches 
of M with respect to A; and E. From the definition of a 
branch of M, it is clear that the connected set V+K,+K; 
must lie wholly in one branch of M with respect to A, and E, 
say in K,(A,), and in one branch of M with respect to A; 
and E, say K,(As). 

As the set V contains no limit points of the set of points 
K,+K;+K.2(As)+K2(A;), every, point of it is the center 
of a circle which neither encloses any point of the latter 
set nor of E, nor has any point in common with either. The 
sum of the interiors of all such circles is a connected domain 
and this domain contains an arc ¢, from Az to A3. Clearly 
t, and are mutually separated. 


446 R. L. WILDER (July-August, 


The points sets K.+K; and K2(A4)+K.(As) are mutu- 
ally separated. Denote by U the set of points consisting of 
K.(A,)+K.(As) together with its limit points. Then 
K.+K; and U are mutually exclusive. Let C(A2) and 
C(A;) be circles with centers at Az and Az, respectively, 
and enclosing no point of U. If a; (¢=2, 3) is a point of H; 
lying within C(A,), there exists an arc 5; joining A; and a; 
which lies entirely within C(A;), and except for A; lies 
wholly within C. As H.+H;+P is a connected subset of 
C containing a2 and a; but no point of U, there exists, 
by Theorem H of my paper On a certain type of connected 
set which cuts the plane,* an arc b; which joins a2 and a3, 
contains no point of U, and lies wholly within C. Clearly 
the continuous curve consisting of the arcs };, be, and bz 
contains an arc fg which joins Az and Az, lies except for 
these points entirely within C, and contains no point of U. 
Similarly, since Ks+K; and are mutually separated, 
there exists an arc ¢; joining A, and As, lying except for 
these points entirely within C, and having no point in 
common with 

By the corollary to Theorem D of the paper referred to 
in the preceding paragraph,j there exists a simple closed 
curve J which is a subset of t;+/. and separates the plane 
between A, and A;. However, J has no points in common 
with either K.(A,), K2(A;) or E, and yet the sum of these 
three sets is a connected set containing A, and A;. Thus 
a contradiction is established and the theorem is proved. 


THE UNIVERSITY OF MICHIGAN 


* To appear in the Proceedings of the International Mathematical 
Congress at Toronto. Theorem H of this paper is the following: Let G 
be a bounded domain, K any closed set of points and N a connected subset 
of G which contains no points of K. Then every pair of distinct points of 
K are the end-points of an arc which lies in G and contains no points of K. 

t The corollary referred to here is the following: If A and B separate 
Cand D ona simple closed curve K, AB and CD are arcs joining A,B and 
C,D, respectively, and lying, except for their end-points, interior to K, 
and ¢ is an arc from A to B that contains no points of CD, then there exists 
a simple closed curve J which is a subset of AB++#, such that C is interior 
to J and D exterior to J, or vice versa. 
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A THEOREM OF FROBENIUS ON 
QUADRATIC FORMS* 


BY PHILIP FRANKLIN 


1. Introduction. A real quadratic form, in m variables, 


(1) > (ai; = aj), 


i=l 


of rank r can always be reduced to the form 
(2) 
t=1 


by a real non-singular linear transformation.| The number 
of positive coefficients, P, and the number of negative 
coefficients, NV, in (2) are each independent of the particular 
reduction used. The difference P—N=s is called the sig- 
nature of the form. Of the invariants P, VN, r=P+N, s, only 
two are independent and any two of them form a complete 
system of invariants of (1) under non-singular linear trans- 
formations. 

A form (1) of rank r is said to be regularly arranged if 
the x; are so numbered that in the set 


d21 
a1, 


A,0, and no two consecutive A; are zero. The following 
theorem is usually given for determining the invariants. 


* Presented to the Society, December 29, 1926. 

7 For the definitions and theorems quoted in this section see M. 
Bécher, Introduction to Higher Algebra, New York, 1919, pp. 144-147; 
or H. Weber, Lehrbuch der Algebra, Braunschweig, 1895, vol. 1, pp. 255-265. 
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Every quadratic form may be regularly arranged, and when 
so arranged the signature is equal to the number of permanences 
minus the number of variations of sign in the sequence of A’s, 
the A’s which are zero being given signs at random. 


In certain cases where the form is not regularly arranged, 
so that consecutive A’s in the set (3) vanish, an analogous 
theorem holds, as Frobenius has shown.* His discussion is 
quite complicated. In this note we give a simple proof of 
the usual theorem, as well as the principal case noticed by 
Frobenius, based on the properties of the secular equation. 

We also prove the following theorem relative to the de- 
termination of the invariants of a quadratic form from its 
principal minors. 

If, for any quadratic form, we construct the set 
Qii Wij 


| 
| 
’ 


| 


(4) Bo =1, Bi = ai, Bz 


B, lai; |, 


the sums being so taken as to include each principal minor 
of proper order once, the index of the last non-zero term in 
the set is the rank, r, and the number of permanences of sign 


in the sequence of non-zero terms is P, so that the signature 
is s=2P—r. 


2. The Secular Equation. We quote here a few well 
known theoremsf concerning the equation 


(5) L,(x) = = 0, 


which we shall need for our argument. Let L;(x) denote 
the leading z-rowed minor of L,(x), and form the sequence 


* G. Frobenius, Ueber das Trigheitsgesetz der quadratischen Formen, 
Journal fiir Mathematik, vol. 114 (1895), pp. 187-232. 
+ Weber, loc. cit., vol. 1, pp. 276-279. 
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(6) L(x), — Les(x), --- — 1)*"Li(x), ( — 1)*. 


The set (6) form a Sturm sequence for equation (5), in the 
sense that 

If a<b are two numbers neither of which makes any term 
of the series (6) vanish, the excess of the number of variations 
of sign in the series (6) for x=a over that for x=b equals 
the number of real roots x between a and b, a q-fold root count- 
ing as q roots. 

Each of the equations 


(7) L(x) = 0, (4 1,2, 


has all its roots real, and the roots of the (i+1)th equation are 
separated by those of the ith. 


3. Application to the Classical Criteria. Consider any 
quadratic form (1) of rank r. It is always possible to reducs 
it to an expression of the type of (2) by an orthogonal trane- 
formation on the nm variables x;.* Such a transformation 
will reduce the form 


n 


(8) > — k 


i=1 j=1 i=1 


to the form 


n 


(9) — k x? . 

i=1 i=] 
The values of k which make (9), and hence (8), degenerate, 
are zero, counted »—r times, and the 7 numbers c;. Con- 
sequently these are the roots of equation (5), formed cor- 
responding to (8). From the form of (6), we see that for 
x=0, the sequence becomes 


(10) An, — An-1,°°*, (— 1)"Ao. 
Now apply the theorem quoted in §2, taking for a a positive 


number less than any positive root of any of the equations 
(7), and for b, +2. The terms of the series (6) for x =a cor- 


* Bocher, loc. cit., pp. 171-173. 


n n a 
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responding to non-zero terms in the series (10) will have 
the same signs as these latter, while the terms corresponding 
to zero terms will have definite signs. As the signs of this 
series for x =a may be obtained from those of (10) by giving 
the zero terms appropriate signs, and as for x=+© all the 
terms of (6) have the same sign, we see that the number 
of positive c;, of P, is equal to the number of variations 
of sign in the series (10) when the zero terms are given proper 
signs. Finally, since changing alternate signs of a sequence 
replaces permanences by variations and vice versa, we have 
the following theorem. 


THEOREM I. If, for any quadratic form (1) we set up the 
sequence 


and give the zero terms proper signs, the number of permanences 
of sign will be P. 


If, in particular, A,~0, from the separation property of 
the equations (7), and the fact that L,(x)=0 has now no 
zero root, while L,(x)=0 has an (n—r)-fold zero root, we 
see that the equation L,,;(x) =0 has precisely 7 zero roots. 
Thus as x increases through zero, the first »—r+1 terms 
of the series (6) cause »—r variations to be lost. As these 
account for the m—r zero roots, no additional variations 
are lost in the rest of the sequence. Also the “proper signs” 
for the first n—r terms of (10) give rise to no variations, 
and hence to no permanences in (11). This gives the fol- 
lowing theorem. 


THEOREM II. If, for any quadratic form (1) of rank r we 
set up the sequence 


(12) Ao, Ai, 


where A,~0, and give the zero terms proper signs, the number 
of permanences of sign will be P. 


= 
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COROLLARY 1. If the form is regularly arranged, 1. e. 
no two consecutive A’s in (12) vanish, the proper signs may 
be chosen at random. 


For, if A;=0, while A;-10, A Lj-1(x) =0 and 
Lii1(x) =0 have no zero roots, and as their roots separate 
those of L;(x)=0, this equation has a single zero root. 
Thus L;(x) changes sign as we pass through zero, and as 
no variations are lost, A;_; and A;,,; must have opposite 
signs. 


COROLLARY 2. If in (12) at most two consecutive A’s 
vanish, tf the A’s adjacent to the pair of zeros have like signs, 
the proper signs should lead to one permanence from this set, 
while if the adjacent A’s have unlike signs, the proper signs 
should lead to two permanences from this set. 


From the separation property, the two adjacent zeros 
correspond to single roots. Thus the signs given to the 
two zeros must be such that, if both are changed, the num- 
ber of permanences is not affected, which necessitates that 
we have, essentially, 

+ +; +2 
or their negatives. 

Considerations similar to those used to prove the corol- 
laries may be used to restrict the possible proper signs if 
three or more consecutive A’s vanish, but these considera- 
tions by no means determine the signs completely. In fact, 
if three consecutive A’s vanish, the signature can not always 
be determined from the set (12). Thus for the form* 


(13) ax? + 2axex3 + 2axix4 + 2ax?, 


the sequence (12) is 1, 0, 0, 0, —a‘, and the signs are in- 
dependent of the sign of a. However, if we renumber the 
variables y;=22, yo=X3, Y3=X1, ¥s=Xs, the form becomes 


(14) ay? + 2ayiye + 2aysys + 2ay?, 


* Frobenius, loc. cit., p. 199. 


— 
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and the sequence (12) is 1, a, a?, 0, —a‘, so that the form 
is now regularly arranged, and by corollary 1, P=3, if a 
is positive, while P =1 if a is negative. 

4. A New Criterion. We saw in § 3 that the in- 
variants P and N of the form (1) could be characterized 
as the number of positive and negative roots, respectively, 
of the equation (5). The criteria we developed in § 3 
were based on a modified Sturm sequence for this equation. 
As the equation has all its roots real, we may determine 
the signs of the roots by Descartes’ rule as the number of 
variations of sign in the coefficients of the equation. On 
expanding (5), we find 


(15) 
where the B’s are given by 


(16) B= 1, Bi, = ai, Be 


i,j Qji jj | 


= i@ 


the sums being so taken as to include each principal minor 
of proper order once. Thus for (1), P is the number of 
variations of sign of the coefficients of (15), or permanences 
of sign of the sequence (16). Since (15) has m—,r zero roots, 
B,+0, while all the B’s following this one vanish. Collect- 
ing these results, we have the following theorem. 


THEOREM III. Jf, for any quadratic form (1) we set up 
the sequence 


(17) Bo, Bi, - - Br, 


the index of the last non-zero term in the set will be the rank, r, 
and the number of permanences of sign in the sequence of 
non-zero terms will be P, so that the signature is s=2P—r. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
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ON THE PARTITIONS OF A GROUP AND THE 
RESULTING CLASSIFICATION* 


BY J. W. YOUNG 


1. Introduction. 1 propose the following definition: 
A partition of any group G is any class [H] of subgroups 
of G such that every element other than the identity of G 
is contained in one and only one H. The concept thus 
defined arose very naturally in connection with the problem 
of defining a general algebra without introducing the idea 
of a field.f After this paper was written Professor G. A. 
Miller called my attention to the fact that he had considered 
the partitions of a group (though not under the present 
terminology) in a paper presented to the Society in 1906.f 
His methods and point of view are, however, entirely dif- 
ferent and only one of his theorems duplicates a result of 
the present paper. 

Even though the results of the present paper find their 
immediate application in the domain of general algebras, 
it seemed desirable to publish them in a separate paper. 
The concept itself and the process defined in §2 below for 
the determination of the so-called primitive partition of a 
group would appear to be of possible value in the general 
theory of groups and the resulting classification of all groups 
into types would seem to possess elements of interest. This 
is due especially to the fact that results in what may be 


* Presented to the Society, September 9, 1926. 

T See a paper (not yet published), On the definition of the Scorza-Dickson 
algebras, presented to the Society at New York, February 26, 1927; 
abstract, this Bulletin, vol. 33 (1927), p. 265. The linear systems of order 
one in an algebra as defined in Dickson, Algebras and their Arithmetics 
(University of Chicago Press, 1923), pp. 9, 10, form a partition of the 
addition group of the algebra. 

¢ G.A. Miller, Groups in which all the operators are contained in a series 
of subgroups such that any two have only identity in common, this Bulletin, 
vol. 12 (1905-06), p. 446. 


“| 
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called the general theory of groups are comparatively rare, 
while the literature of special classes of groups (finite, con- 
tinuous,.etc.) is enormous. In what follows we place no 
restrictions on the group G beyond what is implied in the 
definition of any group.* 


2. The Classification of Groups into Types. The Primitive 
Partition. Let G;,, be the cyclical subgroup of G generated 
by the element s(#1) of G. G,, then consists of all the 
positive and negative integral powers of s and 1=s*. If 
there exists a finite integer m>1 such that s"™=1, s is of 
finite order and the smallest such integer is called the order 
of s. Let G,,..) be any cyclical subgroup of G containing s. 
Let Gz,.={[G.,,.)]} be the subgroup of G generated by all 
the groups G,,; containing s, i. e., the smallest subgroup 
of G containing all the G,,,.)._ Evidently G2,, is uniquely 
determined by s. In general let Gis;,, be the subgroup of G 
generated by all the G,,, containing s (k=1,2,---). Let 
[G,] be the class of all subgroups [G;,.] as s ranges over G. 

We thus obtain for every s of G a sequence of subgroups 
Gi,s, Ge,s, - - - such that every G;,, (s#1, k>1) contains the 
preceding G,-1,s: 


Gis 


We also obtain a sequence of classes of subgroups [Gi], 
[G.],---, such that every element of G is contained in 
one or more subgroups G, for every value of k=1,2,---, 
and such that every [G;,| (k>1) contains the preceding 
class [G,_,] in the sense that every G;-1,. is contained in 
We indicate this by writing [G,1] [G:]; [Gia] =[G], 
if and only if, for every s we have G:1,,=G:,.. With this 
notation we then have 


* A class of elements, s, t, - - - , is said to form a group with respect to 
a law of combination (indicated by juxtaposition) if the following con- 
ditions are satisfied: (1) the product st shall be a uniquely defined element 
of G for every ordered pair s, t of G; (2) for every three elements of G, 
(st)u =s(tu); (3) there exists in G an element 1, called the identity, such 
that for every s of G, s1=1s=s; (4) for every s of G there exists an inverse 
s’ such that ss’ =1. 
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[G,] G.]<---. 
If there exists a finite integer m such that for every s of G 


G,,(s) Must consist of the single group G,,,, i. e., every 
(s#1) of Gis in one and only one G,,,; or, if s and tare any 
two elements of G (s#1, then either or 
G,,. and G,,, have only the identity in common. Hence we 
may state the following theorem. 


THEOREM 1. [If there exists an n such that [G,|=[Gasl, 
then two distinct G,’s have only the identity in common; and 
conversely. 


To prove the converse, we observe that if two distinct 
G,’s have only the identity in common and s (#1) is any 
element of G, [G,,:2)] consists of the single group G,... 

Now let 1 be the smallest integer for which [G,] = [G,4:]. 
Our sequence [G;| then becomes 


IG:] < [G2] <--- < [G&] = Gen] =---; 
and for every s there exists a smallest ”, such that 
Gi, < Go,s Gas 


Clearly we have n, <7, for every s. 

Under this hypothesis our sequence [G;| terminates, in a 
sense, with [G,] and this class is a partition of G. 

If, on the other hand, there exists no finite m such that 
[G,] =[G,.4:], there must be in G an s such that G,,,<G2,.< 
€G,,< k=l, 2,---. G must then contain a 
smallest subgroup G,,, containing all the G;,, for all finite 
values of k. G.u+1,, is then defined as the group generated 
by all the G,., containing s, and the process previously 
defined leads to sequences of groups 


and to sequences of classes of groups 


= 
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If N be the smallest integer, finite or transfinite, for 
which [Gy] =[Gy4:], the group G is said to be of type N.* 
Theorem 1 and the results obtained since may now be stated 
as follows. 


THEOREM 2. If G is a group of type N two distinct Gy’s 
have only the identity in common, and conversely. The class 
[Gy] is then a partition of G. 


In a group of type N the partition [Gy] is evidently 
uniquely determined. It may be called the primitive parti- 
tion of G. The primitive partition may, of course, consist 
simply of G itself. A partition containing more than one 
group may be called a proper partition. It is evident from 
the way in which the primitive partition of a group is 
obtained, that unless the primitive partition is proper, a 
group cannot have any proper partition. In fact, the follow- 
ing theorem is obvious: 


THEOREM 3. If [H] is any partition of a group G of type N 
and [Gy] is the primitive partition of G, then for every s in 
G we have 


Indeed, we have H,= {[Gy,:]}, as t ranges over H,. 


3. The Partitions of an Abelian Group. If an infinite 
abelian group G contains elements of finite order, the latter 
form a subgroup F, invariant in G. The quotient group 
G/F then contains no elements of finite order, and G may 
be considered as the direct product of F and G/F. 

We consider first an abelian group none of whose elements 
is of finite order. 


THEOREM 4. Any two cyclical subgroups G;,, and Gis 
of an abelian group G with no elements of finite order which 
have a common element (#1) are contained in a cyclical 
subgroup of G. 


* This classification for larger values of N is purely formal. I do not 
know whether groups of type N exist even for all finite values of N. 
+ H, denotes the H containing s. 


= 
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Let s¥t, and let s™=/" (#1) be the common element. 
If either m or n equals 1, the theorem is proved. Moreover 
m and m cannot be equal; for, the relation s™"=/" would 
imply (s-%)"™=1 and, since s~##1, this would imply that G 
contains an element of finite order. We may assume that 
m and n are prime to each other; for, the relations m=km’, 
n=kn' (k>1), would imply (s~”’t”’)*=1, which leads to 
s™ =t"’", Two integers, x, y, therefore, exist such that 
mx+ny=1. Now, let #s¥=u. We then have 


= = Yy™, 


This proves the theorem. 

As an immediate corollary we observe that if any finite 
number of cyclical subgroups of an abelian group G with no 
elements of finite order have an element (~1) in common, 
there exists a cyclical subgroup of G which contains them all. 
We may now prove the following theorem. 


THEOREM 5. In any abelian group G contains no elements 
of finite order, |G2| is a partition of G. 


To prove the theorem it is sufficient to show that if two 
subgroups G2,, and G2, have an element c(#1) in common 
they coincide. G:,, is the smallest group containing all 
the Gi... Since ¢ is in Go,,, c is the product of a finite 
number of elements each of which is an element of some 
Gi,.s). By the corollary of Theorem 4, this set of Gi,;s) 
are all contained in a G,,,,). In other words, there exists 
a Gi,» containing both c and s. Similarly, there exists a 
Gi,, containing both c and ¢. Let t; (#1) be any element 
of G2. Reasoning as before proves the existence of a 
Gi,. containing ¢, c, and 4. The groups Gi,, and Gi,., have 
c in common (c+#1); there exists, therefore, a G:,, containing 
t, c,h, and s. is, therefore, a Gi,,,) and hence is con- 
tained in G:,,. Every element of G2,, is then an element of 
G2,.. Similarly, it follows that every element of Ge2,, is an 
element of Go,¢. 


— 
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COROLLARY. Any abelian group containing no elements 
of finite order 1s of type S2. 


Now, let G be any abelian group all of whose elements 
are of finite order. Let G contain an element s; of order 
bq where p and g are prime numbers (not excluding the pos- 
sibility p=q); let s:3=s, whence s?=1; and let #, of order m, 
be any other element of G. 

We consider, first, the case where m contains a prime 
factor different from p. Let p* be the highest power of p 
contained in m, so that m=p*m’, where m’ (>1) is prime 
to p. Then #?*=t, is of order m’, and there exists an n 
such that m’n=1 (mod p). Then, 

= 
and, hence, G,,,, and G;,.,:, contain s. Therefore, 
contains s; and s;f, and, hence, s; and 
Go contains 
contains s and ¢; 
and contains ¢. 

We consider, next, the case where m=p*, a>1. Let 

t? =1,; then, (st)? =; and 
contains 
contains 
G2, contains ¢ and st, and, hence, s; 

and G3,, contains f¢. 

We consider, finally, the case m=p. Let s>=s’. Then 

Gi,., contains s’; 
Gi,.,. contains s’; 
Gs.,- contains s; and s,t, and hence, ¢. 

Hence, in every case, if G contains an element of order pq, 
there exists an element s (called s’ in the last case), such 
that G;.=G. Hence no group G containing an element of 
order pg has a proper partition. If, however, all the ele- 
ments of G are of the same prime order #, the cyclical sub- 
groups of G evidently form a partition. Hence, we have the 
following theorem. 
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THEOREM 6. If an abelian group all of whose elements 
are of finite order has a proper partition all of its elements 
are of the same prime order p; and every abelian group con- 
taining more than p elements and all of whose elements are 
of the same prime order p has a proper partition [G,]. 


CoROLLARY 1. An abelian group of finite order has a 
proper partition if, and only if, it is of order p™(m>1) and 
of type (1, 1, ---,1).* 

COROLLARY 2. An abelian group all of whose elements 
are of finite order is of type 4. 


Now let G be an abelian group containing elements of 
finite order and also elements of infinite order. G is then 
the direct product of a group F containing only elements of 
finite order and a group J containing no elements of finite 
order. Let s be any element of J and let i, of order m, be 
any element of F. Then we have (st)"=s™”, so that Gi,s 
and G,,, have s” in common. Gz2,,m then contains s and st, 
and hence s and ¢. Therefore, G3,, contains f; i. e., Gs,. 
contains F. The class of all [G;,,] as s ranges over J all 
have F in common, therefore, and hence any Gs, where t 
is in F, contains all the elements of J and also of F. Hence 
we have G,,=G. We have, therefore, the following theorem. 


THEOREM 7. An abelian group containing elements of 
finite and also of infinite order has no proper partition. 


In connection with previous results we have the following 
result. 


COROLLARY. Every abelian group ts of type $4. 


We may combine the results of Theorems 5, 6, and 7 
as follows. 


THEOREM 8. [If an abelian group has a proper partition, 
either it contains no elements of finite order or all its elements 
are of the same prime order. In any such group G, the class 
of subgroups [Go] is a partition. 


* This corollary was proved by G. A. Miller, loc. cit., p. 448. 
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4. L-Partitions. In connection with the contemplated 
application to general algebras and possibly in other con- 
nections the following concept is important. Let [H] be 
any partition of a group G and let K= im, | ee H,,} 
be the group generated by any finite number of H’s. If 
any H, having an element (#1) in common with any K 
is entirely contained in K, the partition [H] is called an 
L-partition. 

We first observe the following theorem. 


THEOREM 9. The primitive partition of an abelian group 
G all of whose elements are of the same prime order p is an 
L-partition. 


For, the partition consists of the cyclical subgroups [G,] 
of order p. If {Gi.s,, Contains an element 
t of a cyclical subgroup we may take this subgroup to be 
+, and we should have t=s,%! so%2---s5*. But all the 
powers of are then contained in {Gi,s,, 

We seek next the condition that the primitive partition 
of an abelian group G containing no elements of finite order 
be an L-partition. Let [H] be a proper partition of G, 
let s (#1) be any element of G and let (#1) be any element 
of G not in H,. Let s“ t* =u (k any integer) and consider the 
group }H,, H,, Clearly H,~H,; for, the assumption that 
u is in H, would imply H,=H;. Since {H., H,} has t*=su 
in common with H,, if [H] is an L-partition {H., Hu} 
must contain ¢. Hence, there must exist elements 5), 1; 
of H, and H,, respectively, such that f=s,u,. This gives 
t*=5,*u,*=su, whence we have s;*s“ - u*u-! =1. Since H, 
and H, have only identity in common, this gives s,;*=s. 
Since s was any element in G and k was any integer, it 
follows that, if G admits an L-partition, every element of G 
must have a kth root in G for every integer k. 

We now prove that this necessary condition is also suffi- 
cient in order that a proper primitive partition of G be 
an L-partition. Let now [/] be a proper primitive partition 
of G, and let K={H,,, H,,,---, Hs} be the subgroup 
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generated by any finite number of H’s. Let t’(#1) be an 
element common to K and any other H;, so that we have 
t’=s{ sf ---s, wheres} isin H,,. Let tbe any other element 
of H,. Then, by Theorem 5, there exists an element u 
of H, and integers m and mn such that t=u™ and t/=u". 
Under the condition imposed on G there exist in G elements 
vi, such that v? =s/, for every i from 1 to k, and each 
of these v; are, of course, in H,;. We have, then, 


{= Sk = (02 ese = 4", 
But in a group G containing no elements of finite order the 


last equality implies u=v, 7.---v,. Hence, uw is in K 
and, hence, ¢ is in K. We have, therefore 


THEOREM 10. The necessary and sufficient condition that 
a proper primitive partition of an abelian group G containing 
no elements of finite order be an L-partition is that every 
element of G have a kth root in G for every integer k. 


DARTMOUTH COLLEGE 


ANALYTIC FUNCTIONS WITH 
ASSIGNED VALUES* 


BY PHILIP FRANKLIN 


1. Introduction. The question of determining when the 
values of a function at a denumerably infinite set of points 
in a finite region determine a function analytic in this region, 
and if so the power series for the function in question, has 
recently been raised by Professor T. H. Hildebrandt. 
It is well known that if the function in question exists, 
it is uniquely determined.{ The usual proof gives a process 
for determining the coefficients in the power series, in which 


* Presented to the Society, February 26, 1927. 
t This Bulletin, vol. 32 (1926), p. 552. 
t W. F. Osgood, Funktionentheorie, vol. 1 (1912), p. 337. 


= 
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the expression for the mth coefficient involves m successive 
limits. We shall set up expressions involving single limits 
which determine the coefficients, and hence give a simpler 
process for obtaining the power series. 

If the sequence be formed whose mth term is the mth 
root of the expression giving the mth coefficient, the ex- 
istence and boundedness of the limits appearing in this 
sequence constitute a necessary and sufficient condition 
that the process leads to an analytic element. To insure 
that this element leads to a function of the kind sought, 
certain obvious conditions must be added. 


2. Necessary Conditions. Consider a denumerably in- 
finite set of points in a closed two-dimensional* region of 
the z plane. Let a function, w=f(z), which is analytic in 
this region, be given. If its values at the points of the set 
are determined, we wish to see how the function may be 
recovered from these values. Since the given point set is 
infinite, and in a closed region, it has at least one limit point 
in the region. For simplicity, take one such limit point 
as the origin, designate some sequence of points in the set 
approaching the origin as a limit by Z;, Z2,---,and the 
corresponding values of the function f(z) by Wi, We,---. 
These values alone uniquely determine the function.t 

In a neighborhood of the origin, we have 


(1) f(z) = Cot az t+ co? +---. 
Consequently, we may write 


f(z) - 


k=0 


(2) co= lim f(z), - - - ¢, = lim 
20 20 2” 


* This is not an essential requirement, since a function analytic in 
all the points of a one-dimensional region is necessarily analytic in some 
closed two-dimensional region including this region. 


+ Osgood, loc. cit. 
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If we let z approach zero through the sequence Z;, we have 


n—1 
W; 
k=0 
(3) cx = lim 


While these formulas determine the coefficients successively, 
if we write them directly in terms of the given quantities, we 
see that the formula for the mth derivative involves n repeated 
limits. To find simpler formulas, involving single limits, we 
consider the expression 


fl) sf" --- & 1 

f (22) 1 


This is suggested by the fact* that, for certain real functions 
f(z), when the z; in this expression close down on a point 
zo, the limiting value of this expression is f)(zo)/n! . 
As the method of proof for the real case is based on Rolle’s 
theorem, which has no simple analog for functions of a 
complex variable, we must here proceed otherwise. 

Let us replace the functions f(z;), which occur in the 
numerator of (4), by their series expansions, as given by (1). 
In any circle 0<|z|<R inside the circle of convergence 
of (1), these series converge uniformly, so that for values 
of z; in this circle we may write 


* See the author’s paper, Osculating curves and surfaces, Transactions 
of this Society, vol. 28 (1926), p. 402. 
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! 2," 21 1 

n+l “n+1 @nt+1 

2" 21 1 | 

| 

20" zo"! Ze 

| 

on—l | 


Of the determinants in the numerator, those in the terms 
for which k<n—1 vanish. For k=n, the numerator is 
divisible by the product of all the differences of the 2, 
i. e., the Vandermonde determinant in the denominator. 
The quotient, S;,_,, is a homogeneous symmetric function 
of the z; of the (k—m)th degree, and is readily found to be 
that in which all terms of this degree appear, each with 
coefficient unity. Consequently, if the z; are in the circle 
O0<z<r<R/n, we shall have 


(6) = ( | | Ze | + + lZn = (oy? 
Thus the series for A, given in (5) is equivalent to 
(7) A, = Cn Ck 

k=n+1 


This shows that the series for |A,—c,| is dominated by 


(8) Ice |(mr)*-" = nr 

keen+1 k=n+1 
But, for z in the circle 0<z<R, the series (1) as well as 
all the series obtained by termwise differentiation converge 
absolutely and uniformly.* In particular, from the (w+1)th 
derived series, for z=R, we find 


(9) > kRk—1)---(k—2) | * 


k=n+1 


* Osgood, loc. cit., pp. 97-98, and p. 335. 
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Comparing this with (8), we see that 
(10) —¢n| SurM. 


This shows that when r approaches zero, A, approaches c,. 

Evidently r will approach zero provided the 2; close down 
to the origin. We note that if the limit point were 29, not 
the origin, and we replaced 2; by (2;—20) and f(z:) by f(2;) 
in (4), this expression would remain of the same form as 
at present, with bars on the 2’s. Since «=f *)(0)/k!, we 
may state the following theorem. 


THEOREM I. [If f(z) ts an analytic function, and 2%, 2, 
- ,Z, are n distinct points closing down on 2, we shall 
have 
lim A, = f™(zo)/n!, 
where A, is given by (4) or 
(z;) 
ay. 


j=l (2; — (z; 2;-1) (2; 2441) (2; Zn) 


3. Sufficient Conditions. Theorem I suggests the fol- 
lowing process for constructing the analytic function, if 
such exist, determined by the values on a_denumerable 
point-set. Select a sequence of points having a single limit 
point, take m consecutive points of this sequence as the 2; 
of Theorem I, and form the A,, and their limits, c,. This 
gives the series (1), which determines an analytic element 
provided its radius of convergence is not zero, i. e., that the 
maximum limit of |c,|!/" is finite.* This gives the following 
theorem. 

THEOREM II. Jf the values of a function are given at a 
sequence of points having a single limiting point, and the A, 
of Theorem 1 be formed from n consecutive points of the se- 
quence, the existence of the limits 


lim , 


* E. J. Townsend, Functions of a Complex Variable, 1915, p. 232. 
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and the boundedness of these limits as a set, constitute a neces- 
sary and sufficient condition that 


> (lim A,)z” 


n=1 
yield an analytic element. 


COROLLARY. If the values are given at any potnt set in a 
closed region, the conditions that they determine a function 
analytic in this region are (1) that for some subsequence the 
conditions of Theorem \1 are met, (2) that the resulting element 
is capable of analytic extension over the entire region, and 
(3) that the resulting function takes the correct values at all 
the given points. 


The third condition here seems stringent, but when it is 
recalled that if the value of the function at a single point of 
the region is changed, the required analytic function will no 
longer exist, it becomes evident that no essentially milder 
conditions will suffice. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
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AN APPLICATION OF ANALYSIS SITUS 
TO STATISTICS* 


BY HAROLD HOTELLING 


1. Introduction. The theoretical distribution curve of 
correlation coefficients obtained by sampling under any 
particular conditions may or may not extend to the limits 
r=+1. Whether it does extend to either of these limits, 
and if so its order of contact with the r-axis, are determined 
by features of the problem which will be shown to be es- 
sentially topological. These properties of the curve are 
independent of any influence which some members of the 
sample may exert upon others, provided this does not amount 
to complete determination. They are, moreover, to some 
extent independent of the nature and existence of any 
correlation between the variates in the population from which 
samples are drawn, and indeed of the distribution in this 
population of the variates. Finally, they are independent 
of heterogeneity in the population. First it will be well to 
notice the relation of these ideas to time series. 


2. Time Series. It is well known that the correlation 
coefficient and other statistical measures do not have their 
usual significance when computed from observations ordered 
in time. On account of the lack of independence of successive 
observations, the known sampling distributions and probable 
error formulas are inapplicable, and no adequate substitutes 
have been discovered. Economic and social statisticians 
and meteorologists thus labor under a serious handicap 
which is largely absent from biometric work. 

A contribution toward the removal of this handicap has 
recently been made by G. Udny Yule in a presidential 
address to the Royal Statistical Society.f He gives the 


* Presented to the Society, San Francisco Section, October 30, 1926. 
t Why do we sometimes get nonsense correlations between time series? 
Journal of the Royal Statistical Society, vol. 89 (1926), pp. 1-69. 
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name conjunct series to sequences whose finite differences 
of any definite order may be considered independent, and 
inquires as to the distribution of correlation coefficients 
between conjunct series. Failing to discover a mathematical 
solution, he resorts to experiment, and gives a frequency 
distribution of 600 correlation coefficients between conjunct 
series obtained by cumulating in sets of ten the results of 
drawing numbers at random from a box. He fits the fre- 
quency distribution by an empirical curve, but with the 
surmise that this does not represent the true function. The 
correctness of this surmise now appears from the fact that 
the curve has vertical tangents at the ends of the range, 
whereas, if the conditions of the experiment be slightly 
idealized in order to yield an analytic curve (or any curve 
having a sufficient number of derivatives), this will be hori- 
zontal at the ends, and further, will have second-order 
contact with the axis. Yule’s data as presented in his Figure 
17 may indeed suggest contact with the axis. 

A somewhat different class of questions arises in examining 
the conformity of a historical variable to a differential 
equation. Consider for example equations of the form 


dt™ 


=a+t bx, 


which occur in connection with population estimates, growth 
curves and studies of periodicity. Certain logical advantages, 
which are dwelt on elsewhere, attach to the following pro- 
cedure. From a sequence of observed values of x the values 
of the mth derivatives at the corresponding times are 
estimated by means of finite differences. The differential 
equation then becomes a regression equation: a and b 
may be determined by least squares, and the correlation 
coefficient used to test the goodness of fit. But even if the 
differential equation were without validity and the values 
of x or of d"x/di™ mere random numbers, the correlation 
coefficients thus obtained would not have the distribution 
nor probable error ordinarily attributed to r. For here one 
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set of quantities is derived by manipulation of the other 
rather than by independent observation. 

These and many similar outstanding problems in time 
series seem to be of great mathematical difficulty, and it is 
likely that investigators will often have to depend for as- 
surance of the validity of their results upon rough ideas 
derived from experiments with cards and dice. 


3. Geometric Relations. Letting the observations 
X1, X2,°--°,Xn be cartesian coordinates of a point P, the 
operation of replacing them by deviations from their mean 
is equivalent to projecting Porthogonally upon thehyperplane 


+4, = 0. 


Let the projected point be projected radially from the origin 
O upon the hypersphere 


+ x? =1. 


This represents a mere change of units for the observations, 
which does not alter their correlation with any other se- 
quence. If the observations are independent random 
drawings from a normally distributed aggregate, they are 
represented by a point Q taken at random on the hyper- 
sphere in such a way that the element of probability is 
proportional to the element of (7—2)-dimensional volume. 
But since we are not requiring the drawings to beindependent, 
random nor from a normally distributed aggregate, we as- 
sume only that the probability that the representing point 
will be found within a distance 6 of a point Z of the hyper- 
sphere, divided by 6*-*, approaches a continuous positive 
function of Z as 6 approaches zero. 

If Q and S are two points on the hypersphere the coeffi- 
cient of correlation between the corresponding sequences 
equals cos QOS, as is well known. If S is determined from 
Q in a definite manner, this method of determination de- 
fines a transformation T of the hypersphere into itself or 
a part of itself, and we are interested in the amount of 
motion involved. The correlation is now a function of 


= 
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position; the hypersphere will be marked out with hyper- 
surfaces of constant correlation, and it is the volume 
between such hypersurfaces multiplied by a continuous 
positive function, that determines our frequency curve of 
sample correlations. The case of independent selection of the 
points may be regarded as the special and extreme case in 
which the whole sphere is transformed into one point. 


4. Transformations of a Hypersphere. A _ topological 
study of transformations of an m-dimensional sphere into 
itself has been made by J. W. Alexander,* who has proved. 
among other things, that a one-to-one continuous trans- 
formation of a sphere into itself always has at least one 
fixed point if the transformation preserves sense and the 
sphere is of even dimensionality, or if the transformation 
reverses sense and the dimensionality is odd. 

In a transformation T of a sphere corresponding to a 
transformation of a statistical series, a fixed point cor- 
responds to a correlation of +1. To a correlation of —1 
corresponds a fixed point of a new transformation consisting 
of T followed by a transference R of each point to its dia- 
metrically opposite point. This transference R preserves 
sense of orientation if the sphere is of an odd number of 
dimensions, but reverses sense if the number of dimensions 
is even. Alexander’s theorem quoted above may therefore 
be interpreted as follows in terms of the curve of distribution 
of the correlation coefficient r between a series and its trans- 
formed series. Let m be the number of observations; the 
hypersphere is then of »—2 dimensions. If ” is even and 
T preserves sense of orientation, it has a fixed point. The 
distribution curve for r therefore extends to +1. If m is 
even and TJ reverses sense, 7R has a fixed point, so that the 
distribution curve extends to —1. If m is odd and T re- 
verses sense the curve extends to +1. Only if is odd and 
T preserves sense is it possible for the distribution curve 
to stop short of both extremes, for in this case only neither 


* Transactions of this Society, vol. 23 (1922), pp. 89-95. 
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T nor TR is compelled to have an invariant point. These 
statements may be summarized in the following table. 


n even n odd 


T reverses sense For some samplesr = —1 | Forsomesamplesr =+1 


T preserves sense | Forsomesamplesr=+1 | The curve may or may 
not extend to r=+1. 


5. Correlation with Permuted Series. As an illustration 


consider the correlation between series x1, %2,---,%*n and 
xi, connected by the permutation. 


This is closely related to what Yule (loc. cit.) has called 
the serial correlation of first order. If m is odd the substitu- 
tion represents in m-space a rotation, the determinant being 
+1, and therefore preserves sense. If is even, sense is 
reversed. The same statements hold for the hyperplane 


which is transformed into itself; for each of the regions into 
which this hyperplane divides the u-space goes into itself. 
They must therefore hold for the unit sphere in this hyper- 
plane. The situation is described by the upper left and lower 
right compartments of the table above. If 7 is even we have, 
in fact, the sequence 


which has a correlation —1 with its transformed sequence. 

If » is odd, we shall show that for this transformation the 
frequency curve for r does not extend to either of the extreme 
values +1; there is a maximum value less than unity which 
the correlation cannot exceed numerically. If this were not 
true it would follow from continuity considerations that, 
for T or for TR, a fixed point on the (m—2)-dimensional 
sphere could be found. Indeed the distance from a point 
to its transform is a function varying continuously over a 
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finite region, and must therefore take a minimum value. 
Suppose, then, that a sequence of real numbers x, --- , Xp, 
can be found which is perfectly correlated with its trans- 
formed sequence. We can then find real numbers p and yp 
such that 


1), 


Il 
| 
& 
+ 
~ 
ll 


pri p 
PXn + p= = 


These are homogeneous linear equations for determining 


X, and and have a matrix which, for =5, is 
p —1 0 0 0 | 
p —1l 0 0 1 
0 p 0 
| 0 0 


The determinant of the first 2 columns equals p*—1, which, 
since ” is odd, vanishes only for p=1. But if p=1 the de- 
terminant of the last 2 columns equals 7, as is seen by adding 
to the last row all the others. Hence the rank of the matrix 
is nm. Hence all solutions of the equations are proportional 
to one solution. But one solution is w=1—p, =xm=--- 
=x, =1, so that the x’s must all be equal for every solution. 
No such point lies on our hypersphere ; indeed the definition 
of the correlation coefficient presupposes that the x’s are 
not all equal. 

The permutation, related to the second serial correlation, 


= X2 ° °°, = Xn = 


supplies an example of a transformation which always pre- 
serves sense. 


6. Singular Transformations. For continuous trans- 
formations of the sphere into a part of itself, the distribution 
curve for r must extend to both extremes. For, in Alexander’s 
terminology, the index is zero, and there must therefore be 
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an invariant point. In this manner it may be shown that 
(as is also evident otherwise) a sequence may have a cor- 
relation of either 1 or —1 with its differences of any order. 


7. Dimensionality determines Order of Contact. A further 
property of the distribution of r can be inferred from the 
dimensionality of the locus of invariant points. Let this locus 
be of p dimensions. Let 1, - - - , be coordinates on 
the hypersphere such that wp41, Upi2,--- , Un—2 are zero 
at all points of 7 and which on the coordinate lines vary 
as the distance from 7, apart from infinitesimals of higher 
order. We shall assume enough regularity in + and T 
so that the equations of the transformation may be written 


Uy — Uy = pir + 1, + + + 1, 

Un—2 — Un—2 = + An—2, p+ 2U p+2 + 


+ + Nn-2, 


where m1, - - - , Mn-2 are functions which vanish to the second 
or higher order with p41, - - - , Un-2 and where the coeffi- 
cients a;; are either constants or functions of m,---, Up 


and are not all identically zero. This condition on T will 
be satisfied for example if in a neighborhood of every point 
of z the transformation T can be approximated arbitrarily 
closely by a linear transformation. The transformation T 
is not restricted to be one-to-one and the matrix of the 
approximating linear transformation may be of any rank. 
In an extreme case every point might go into a point of z. 
The absence from the right-hand members of the equations 
of terms not involving up41, - - - , Un—2 is due merely to the 
fact that all the expressions u/—u; must vanish on 7. 
In the right-hand members put u;=sv; 
- ,n—2), where s is the distance from 7. Since not 
all the a;;’s are zero, at least one of the equations will have 
a term of the first degree in s. 
The distance k from a point to its transform differs only 
by terms of higher order from the square root of a homo- 


= 
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geneous positive definite quadratic form in uj—1m, uz — Ua, 
Un_2—Un-2, SO that we may write 


k=as+6bs?+---, 


the coefficients a, b, - - - depending on the direction from 7, 
and a being positive everywhere except possibly in isolated 
directions, where it may vanish. By integrating over the 
manifold for which k is constant we find, denoting the mean 
value of s by p, 


k=ap+Bp?+---, 


where a, 8, - - - are constants and a>0. This step is justified 
by the fact that the manifold is closed and everywhere close 
to z if k is small, which follows from the positive definite 
character of the quadratic form in - - - , Un—-2—Un—2 
giving the fixed number k?. 

Since a0, we may invert the last series, obtaining 


p=Ak+ BR+---. 


Now 7 is the uniform limit of a family of closed non-inter- 
secting (7 —3)-dimensional loci, on each of which the distance 
k from a point to its transform is constant. For 7, k=0. 
The (x—3)-dimensional volume of one of these loci divided 
by the p-dimensional volume of 7 is a function of p whose 
Maclaurin expansion begins with a constant multiple of 
p”-»-*. When this volume is expressed in terms of & its 
expansion will therefore begin with a term in k"-?-*, The 
(n —3)-dimensional volume is proportional to the ordinate 
of the frequency curve of k. Since k, when small, differs 
only by infinitesimals of higher order from (1—7°)'/? and 
therefore from (1—r)"/2, it follows that the frequency for r, 
when expanded about r=1, will begin with a term in 
that is, in In this 
way the dimensionality of the locus of invariant points, 
which is a topological feature, determines the order of contact 
of the frequency curve with the axis at the upper extreme. 
In like manner the dimensionality of the locus for TR 
determines the order of contact atr=—1. If the locus con- 
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sists of several parts, p refers to the part having the greatest 
number of dimensions. 


8. Parameter Forms. The transformation T may be con- 
sidered not as a single transformation but as depending on 
parameters - -- ,¢t, which vary continuously. A fre- 
quency distribution of probability $(h, tf, ---, ¢,) is then 
to be assumed for the parameters. Suppose the dimen- 
sionality p of the invariant locus is the same for all values 
of the parameters. The probability of a correlation between 
r and r+dr in a sample of n, divided by dr, will be given 
by an expansion in powers of 1—r beginning with a constant 
times @(4;,--- , provided the parameters 
have the particular values 4, - - - , ¢;. Without this proviso, 
the probability is found by integration with respect to 
hh, ---,¢, over their entire field. Since 7 is constant with 
respect to this integration, and since @ is everywhere 
positive, it appears that the order of contact of the frequency 
curve for r with the axis is the same as before. 


9. Correlation between Variates in general. This enables 
us to apply the result of §7 to the correlation between va- 
riates of which one is not fully determined by the other. Let 
the point on the (n—2)-dimensional sphere determined by 
the » values in a sample of the first variate be Q, and let 


o(h, he, dt, dt be the probability that 
Q shall have coordinates differing from h,--~- , tr» re- 
spectively by less than dt, - - - , dtp_2. We now regard T 


as a transformation of the entire sphere into the point Q, 
which thus constitutes the invariant locus. Hence p=0 
and the expansion in powers of begins with (1—7r) 
Contact is therefore of order (n — 2)/2. If Tbe preceded by the 
transformation R of every point to its diametrical opposite 
it appears that the order of contact at r= —1 is the same. 
These results agree with the known distribution* 


* R. A. Fisher, On the influence of rainfall on the yield of wheat at Rotham- 
sted, Philosophical Transactions of the Royal Society, vol. 213B (1923), 
p. 92. A more general distribution is given by Fisher in Biometrika, vol. 10 
(1915). 
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1 — 1)/2] 


ae 2) (n—4) [2 
P[(m — 2)/2] 
of correlations in samples of m drawn from a normally dis- 
tributed aggregate in which the variates are uncorrelated. 
When, as in Yule’s experiment mentioned in §2, »=10, 
contact will of course be of second order. 


10. Extension to Multiple Correlation. To extend the 
results of the last section to multiple correlation, let the q 
points representing the independent variates on the hyper- 
sphere S,-2 which is the intersection of 


Se: af + +---+22 =1, 
and 
0, 


determine with the origin a hyperplane V, within V,_1. 
Let S,_1 be the hypersphere of g—1 dimensions in which V, 
meets S,2. The multiple correlation coefficient R will be 
unity if the point representing the dependent variable lies 
on S,1. Here p=q—1; the series at R=1 will therefore 
begin with a multiple of (1—R)%"2-»)?, 

The other end of the range of the multiple correlation 
coefficient is at R=0. On S,_» the locus of points for which 
R=0 is of n—q—2 dimensions. The (m—3)-dimensional 
volume at distance R from this locus is proportional to 
R%-3)—(™~a-2) = Re-1, apart from higher powers of R. Asa 
special case we have Fisher’s formula, given in a slightly 
different form in the 1923 paper cited, 

r[(m — 1)/2] 
———-—-—_—_— R4 -1(4 — 2 
—q-—1) 2\r(q, 2) 
for the distribution of R in random samples from uncorre- 
lated material, a formula which for g=1 reduces to that for r. 
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A GENERALIZATION OF RECURRENTS 
BY MORGAN WARD 


1. Introduction. It is well known that if 
= orx’, v(x) = 
r=0 s=0 


are two singly infinite series, then the coefficients in the 
expansion of $(x)/W(x), log d(x), e* can all be expressed 
as determinants in the quantities ¢,, y,. These expressions 
are called recurrents and have been used by several writers* 
to evaluate determinants involving the binomial coefficients, 
Bernoulli numbers, etc. 

In the present paper, the analogous results are given for 
the quotient of two doubly infinite series, and the logarithm 
and exponential of a doubly infinite series. The extension 
to m-tuply infinite series is briefly sketched in §8. 

It is believed the expressions obtained are new; there is 
no reference to any such work in the four volumes of Muir’s 
History. We assume throughout that all the series involved 
are absolutely convergent, so that the derangements and 
multiplications employed are justified. As a matter of 
fact, we are dealing essentially with infinite sets of quantities 
Ars, Bra, Cry (7, S,=0,1,2,---); the “variables” 
which appear in the series are merely convenient carriers 
for their coefficients. 

We shall use, wherever convenient, the convention em- 
ployed by writers on relativity for summations, namely, 

Ursx"y*, 
which is taken to mean 


the summations being understood. 


* Muir’s History, vols. II, III, 1V, Chapters on recurrents. 
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2. Degree and Rank. Given a doubly infinite series 
(1) U(x,y) = 
we shall invariably write U in the order 


Uoo + Urox + Uny + Unox? + Unxy + 


or a3 
l 

(2) U(x,y) = > 
1=0 k=0 

We define 


Wl + 1) + 2(k + 1) 


1=(1—k) +k, un= 


as the degree and rank respectively of the coefficient Uj_x,x. 
Hence the degree of a coefficient is the degree of the term 
it multiplies. The rank of a coefficient is simply its place 
in the series (2). For since from (2) there are /+1 terms 
of degree /, the coefficient Ui appears in the [(1+2+3+ 
+])+1]st place, that is, 
1) 
+1 


= 


The coefficient U;_:,, is k terms to the right of Uj, so 
that its rank is 


(1 + 1) +1) + 2(k + 1) 


= = Uik.- 


? 2 


Thus for U,,, the degree is r+s, and the rank is 


2 


(3) 


Moreover, it follows from the meaning of rank, that given 
any positive integer 1, the equation 


(4) 


determines a unique pair of non-negative integers 7, s, and 
hence a unique coefficient U,, in the series (2). Let k be any 
integer not greater than r+s. Then, by (3). 
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(r+ 


Uris—k k = 2 
hence 
(r+ s)\(r +5 + 1) + 2(s + 1) 
Uris—k,k + s—k= = Urs. 
2 
In particular 
(5) Ur+s,0 +s = Uys, Ss Tr $. 


3. Coefficients for a Product. If 


A(x,y) = Agrxty’, 
B(x, y) = Bux'*y', 

then we know that 
A(x,y) - B(x, y) = Cusx*y’, 


where 


o=0 71r=0 
4. Coefficients for a Quotient. Consider now 
P(x,y) = Puvx"y’, 


Q(x, ¥) = Qorxty" 
and let 


O(x,¥) 
where the coefficients Z,, are to be determined. 

First, we can assume Qo9 +0. For, if Qoo=Qio=Qoi= -- - 
=0, Q0;;~0, multiply both sides of (7) by x‘y’, replacing 
Q(x, y)/x*y? by Q’ (x, y) and x*yiZ(x, y) by Z’(x, y) with 
Zo =Z19 =Zoi = -- - =0, Zi} =Zoo. We then have a new 
equality of the same form as (7) with Qy=Qi;~0. Thus 
P(x, y) =Q(x, y)Z(x, y), or, by (6), 


e=0 1r=0 
(u,o = 0,1,2,---). 


(7) 


| 
P(x,¥) 
| | vat 
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It may be noted in passing, that just as recurrents are 
related to difference equations with constant coefficients, 
so may (7), if Q(x, y) be a polynomial, be looked upon as a 
linear partial difference equation with constant coefficients 
to determine Z, +. 

Let us introduce the symbol 


k y+ k, = k), 
defined by the relations 


r(r +1) + 2(k + 1) 


;u—r+k,v—k) =0, if r>ut+k, ork>», 


= if 


Then (8) may be written 


r=0 k=0 


¢ 
For \,_4,4=2;-z,t, by definition of rank in (3). Moreover 
setting r—k=o, k=7 in (10), we see that every term that 
occurs in (8) occurs in (10), and conversely. 
Finally, by virtue of (9) we may replace (10) by 


(11) do = Pus, 
k=0 


r=0 


where is any integer 2u+v. Take and consider 
the set of = ;; equations (11), in the » unknowns Zoo, 
Zi10; Zo1; Lij; 

Qo0Zo0 Poo, 
42 Qo1Z00 + QooZ10 = Pi, 
12) 


| Qi;Zo0 + (2; +1)Z10 + + Qo0Ziz = 
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Since Qo.0, we have, solving for Z;; by determinants, 


Qoo 0 0 0 Pus 
P10 Qoo 0 - O Pre 
(13) Qo 0 Ooo 
0 
Ou Qo1 O10 
One 0 Qo1 - 0 Poe 
- 


where (13) is constructed on the following scheme. The 
elements in the sth column (s<m) consist of s—1 zeros, 
then the coefficients of Q(x, y) of degree zero, one, two, 
three, - - - , in their proper order, the groups of coefficients 
of the same degree being separated by r zeros, where 
$=2,_x,~’ determines r’. In fact, we see from (11), that the 
elements in the sth column are given by the expression 


(14) (s;u—r + k’,v— k’), 
where r’ and k’ are determined from the equation 


in accordance with (4), and (u, v) has the successive values 
(15) (0,0) ,(1,0),(0,1),(2,0),(1,1), --- ,(#,0), --- ,(4,9), 


n=},;; in number, (uw, v) appearing in the X,,,th place in (15). 
Now the o+1 terms (uv) of constant degree u+v=o, 
(0 So Si+7), appear in the order 


(16) (c,0),(o — 1,1), --- ,(o— k,k), --- ,(0,0). 
If is replaced u by o—v, (14) becomes 


(s;o—r +k’ k’), 


| 
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so that for v=0, 1, 2,---,o0, we have the values of (14) 
for the sequence (16). But this expression vanishes, by (9), 
unless 

(a) v—k’2=0, 

(b) o—r’'+k’—v=0. 


Thus the first k’ terms of (16) yield k’ zeros. Replace v 
by r+k’, where to satisfy (a) and (b) 0Srsa-r’20. 
We thus obtain from the next o—r’+1 terms of (15), 


r’ 0) ,(s 1,1), 0,0 r’), 


or by (9), 
the coefficients of Q(x, y) of degree o—r’ in their proper 
order. The remaining terms of (16) produce o+1—h’ 
—(o—r'+1)=r'—k’ zeros. 
Since the sequence of degree +1 following (16) produces 
k’ zeros followed by 


we see that the coefficients of degree c—r’=0, 1, 2,3, --- 
are separated by r’ zeros, as stated. Qoo appears when 
o—r’=0. From (a) and (b), 


u=o—v=r — 


Hence Qoo appears in the A,-_;’,x or the sth place in the 
column; i. e., in (13), the elements Qoo lie along the main 
diagonal. The last column in (13) consists of the elements 
Poo, P10, Poi, - - >, Pi; in order of rank. 


5. Final Coefficients in the sth Column. There is some doubt 
about the last few elements in the sth column, but this is 
obviated as follows. Take s=2z;,;,,, (O0S7Sj—1), i. e., 
consider the (n—j)th, (n—j—1)th, -- +, (w—1)th columns 
of (13). 

We have then s=n—j-+7 so that the sth column contains 
n—j+7 zeros, Qoo, followed by 7+ 7 zeros by our results in 
§4. But since there are only m elements in the column, 
Qoo is followed by j7—r—1 zeros, since j—7—1 is always 
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less thani+j. Hence we can reduce (13) to a determinant 
of the (n—j)th order multiplied by Qj, to some power, 
for the 7 columns just considered consist entirely of zeros 
save along the main diagonal where Qoo appears. 

Now n=2;; and 2i4;,.0+j=m, by (5). Hence, setting 
n—j=v, we have 


N— = = i=». 


The elements in the vth row are now 
(v—1;i—v+2,j + — 2),Pi; 
so that the sth column terminates with 
(s;i—s+i1,j+s-— 1) 
and in the (v—1)th row the elements are 
t+ 97 —1— k) = 
(r,k = 0,1,2, | 1), 


where 6,, is the Kronecker symbol. 
Thus we have 


Qo,i+5-1,9, Qo,i4;-2,0,0, Qo,i4;-3,0,0,0, --- , Qoo, Po, its-1, 


so that our evaluation of Z;; gives us 


Qoo 0 Poo 
O10 Qoo Po 
Qo 0 Pio 
P29 
Qu Qo Pu 
(17) QooZij= Quoz 0 Pos 

Q1,i+i-2 

Qo,i+j-1 0 

Qis Pi; 
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where 


6. Expression of the Z’s as Recurrents. There remains 
still one more simplification; the quantities Z;+;,0, Z0,:+; can 
be expressed as recurrents. For we obtain from (7), §4, by the 
ordinary multiplication rule 


(18) as = (u,v = 0,1,2,3, 


t=0 s=0 


This result may be written 


(19) Puy — Rus = > (u = 0,1,2,3, 


t=0 


where 
so that 
Ruo = 0, 
u 
Rui = Ou Lu-t,0; 
t=0 
u u 
Rue = + DY 
t=0 t=0 


etc. 


The formula (19) gives for u=0, 1, 2, 3,-++,72+j, the set 
of i+j+1 equations 


Qoo Zoe = Po. — Roe, 
Zov t+Qoo Ziv = — Ris, 


Qoo Zor t+Qio Ziv +Q00 Zar = Po, — Re, 


oZort+ j~1,0Z19+ Qis j-2,0Z21 + 
+ Qo0Zi+j,v = Pisin — 


u v 
u 
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so that 
Qo O Po. — Ree 
(21) Qoo Py Ri, 
i+i+1 
Qoo Ziti. = 
Qi+i.0 Pitts — 
In particular 
Qo O Poo 
i+i+1 Qo --- Pro 
in 
Qi+i.0 + Piso 


which gives the required expression for Z;+;,9 as a recurrent. 
From symmetry the expression for Zo,;,; is derived from (22) 
by simply interchanging the subscripts of all the terms in (21). 

We may observe that, having obtained the quantities Zuo 
by (22), we know R,:, so that we can calculate the quantities 
Zi+j;1,1 by means of (21). Proceeding thus step by step, 
we can finally calculate Z;;. 

There are a number of relations among the determinants 
(17), (22). For example, suppose we interchange x and y 
in the equation (7), 


Z(x,y). 
Q(x, ¥) 

The effect is merely to interchange the subscripts of the 
coefficients throughout. Hence in (17), we can interchange 
the subscripts of Z;;, the Q’s and the P’s and obtain an 
expression for Z;;, v, the order of the determinant, being 
unaffected by the process. Again, we may write (7) as 


P(x,y) _ 
Z(z,9) Q(x,y), 


so that we can interchange the roles of the Q’s and Z’s in 
(17). 


= 
= 
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7. Final Expressions for the Z’s. The first eleven coefficients 
in the development of 


= Zon t+ Zoxt+Zny + ---+Zosy 


Q(x, ¥) 


are 


_—1 
Zoo = Qoo Poo, 


—2 P — 

Qio Pio Poa 
Qoo 0 Poo | Qoo 0 Poo 

—3 | —3 | 

Zoo =Qo0| Qio Qoo Pio |, Zoz = Qoo Qu Qoo Pa |; 
Qoo Qio Peo | | Qor Poe 


-4| Q 
= Qoo ly 


| Qoo 0 0 Poo | 
Qu Qo O Pa 
Qoo Qoo Poe 


| Qos Qoo Qo Pos 


= 
| 
Ret 
| 
Vo1 Yoo 01 
Qo Qio Pu | 
| 0 O Po 
Qo Qoo Po 
1Qu Qi Qo Pu 
Peo | 
Z30 = Qoo | 
| Qio Qoo Peo | 
1Qso Qe Qio Pao | 
| 
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Qoo O 0 0 0 0 Poo 
Qio Qo O90 0 0 0 Pro 
Zu = Qo Qio O Qo O 
Qn Qn Qi Qo O Pu 


Qoo 0 0 0 O Poo 
Qo1 Qoo 0 0 0 Po 
Qi0 O Qoo 0 0 Pio 
On O10 Qo1 0 Qoo 0 Py 


Qu Qio Qo 0 Px. 


8. Quotient of two m-tuply Infinite Series. The same 
method can be applied to the development of the quotient 
of two triply, or indeed of two m-tuply infinite series. 
We need only to generalize the formulas for degree and rank 
of §2, for product of two series in §3 and to introduce a symbol 
corresponding to the (A,_z,4; w—r+k, v—k) of §4 to obtain 
the analog of (17); the analog of (21) is obtained with 
equal ease. Thus for the m-tuply infinite series, 


t,+t2+ ---+%m is the degree of the coefficient A; above 
and 
(23) = ( )+1 
r=1 


is its rank, when A is written so that the terms of degree 
0,1,2,---,r7,7r+1, succeed each other in order, and 
the terms of degree r are arranged in alphabetic order. 


Qoo 0 Qo 0 0 Qoo Poe 
Qos Qeo Qor Qro 
| 


488 MORGAN WARD (July-August, 


For the product of two such series, we have the formula 


where 


If we define Z(x,, - --, Xm) by 


P(x, 
Xm) 


then our new symbol is 


= 5 — Si + S2,J2 — S2 + 52,°--, 


— Suzi + $a) s 


defined by A,;=0 if j,—s,+5,4: is negative for any 7 be- 
tween 0 and m+1, and 


if j-—S,+5,41 is positive for every r between 0 and m+1, 
and by convention s,,,;=0. But our final results in the 
general case are completely obscured by the symbolism 
introduced to express them. 


9. Expansion of a Logarithm. We can readily obtain 
the expansion of 


(27) log Q(x,y) = Z(x,y) 


where 
Q (x,y) = Qorxty’, Qoo ¥ 0, 


Z(x,¥) = 
For, operating on (27) with 


Ox "ay 


r=0 
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we obtain a result of the form 
P(x,y) 


= W(x,9), 


where 
Wee (s + DZ (u + v)Qus; 


by Euler’s theorem on homogeneous functions and our con- 
vention as to the order of an infinite series. 

Thus Zo9=log Qoo; the other coefficients are derived from 
our previous expressions by replacing Z;; by Z;;/(i+j) and 
Pay by (u+v) Qu. 

10. Expansion of an Exponential. For e®?-”, a slightly 


different procedure is necessary. Let 


— W(x,y), 


We shall have 
(29) = Qorxty’, = + 1)Qerxty’, 
W(x,y) = Waxty', OW = (st 
Then 
(30) = = (00) -W =0W. 
Hence, by (6), 
(31) (u+)W., = > (u — — 
o=0 
Now as in §4 introduce a symbol 
defined as in (9), with one modification, namely, while 


r(r + 1) + 2(k + 1) 
2 


= 


(28) | 0 0 

= 

Ox Oy 
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and 
(Anke =0, if r>u+hk, or 
= + 0 — 


if kSvandrsu+k, 


we have 


k) = — (ut), 


fork =vandr=u-+v. Then (31) may be written in the 


form 


(32) Wein — = 0, 
r=0 k=0 


just as (10) was equivalent to (8) in §4. Also (Aoo; 0, 0) =0, 
but from (28) we see that 


e200 = W oo == Po, say. 


Thus (28) becomes equivalent to (10) if we replace in each 
equation P,, by 0 for u+v>0 and (Aw; 0, 0) by —(u+), 
instead of by Qoo. We thus obtain the following set of wi; 
equations for W,;: 


= = Po, 
~1 = 0, 
- 1-Wa = 0, 
2 + 1 -OuWie t+ 0- Wa — 2000 = 0, 
2 -QuWoo +1 -QuWiot 1-QuWat0 2Wu = 0, 


2 - Qo2Woo + 0-Wio + 1-QoiWo +0 - Woo 
+0-Wi — 2Woe 


ll 
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The determinant of this system is 


3 


Just as before, if we solve for W;;, we can reduce the 
determinant we obtain corresponding to (12) to one of the 


vth order, 


ji 1) 
v= 
2 


+ 1: 


But we can also develop this expression with respect to its 
last row which is Po, 0, 0, - - - , 0, obtaining a determinant 
of the (v—1)st order with a factor (—1)’-'. Hence our 


final form for W,; is 


12-23 .34--- (47 — 


Qo 0O 0 0 0 
Qi OF —1 O 0 
202 Qi OF —2 O 0 
Qn Qo 0 
2Qo2 0 Qo1 0 0 0 
0 
(t + j) Qi; (2,4 — 1,7 + 1) 


As before, we can interchange subscripts of all the Q’s 
to obtain W;;. We can also express Wi+;,9 and Wo,is; as 
recurrents; thus 
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Qi —1 

2020 Qi —2 

(i+ 


with a similar expression for Wo,i+;. 


11. Conclusion. It hardly seems necessary to give 
numerical examples of these expansions. As in the case of 
recurrents, from expressions of such generality any desired 
example may be derived by a mere substitution of numbers 
for letters in the general formulas. The quotient of two 
polynomials, the reciprocal of a series or a polynomial, 
for example, are included as special cases. 

It appears from the expressions for Z,, and Z,, in §7, 
that a further immediate reduction of the order of the de- 
terminants (17) is sometimes possible; but to explicate this 
reduction in the general case would be to mar the simplicity 
and symmetry of our developments. 

In conclusion I should like to thank Professor E. T. Bell 
for criticism and suggestions in the writing of this paper. 


CALIFORNIA INSTITUTE OF TECHNOLOGY 


A CORRECTION 


In the paper by H. W. March, The Heaviside operational 
calculus, this Bulletin, vol. 33(1927), on page 312, in the line 
following equation (2), change “negative” to “positive.” 
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APPELL ON TENSOR CALCULUS 


Traité de Mécanique Rationnelle. Vol. V: Eléments de Calcul Tensoriel, 
Applications Géométrique et Mécanique. By Paul Appell with the 
collaboration of René Thiry. Paris, Gauthier-Villars, 1926. vi+198pp. 


This work of Appell on the absolute differential calculus and its applica- 
tions forms the 5th volume of his Traité de Mécanique Rationnelle and is 
intended as the first part of a treatment of the mechanics of the theory of 
relativity. Yet it would seem that the present is no time for the appearance 
of such a text. The uncertain position of the general theory of relativity 
as shown by the unsuccessful attempts of Einstein and others to develop 
a field theory of electromagnetic phenomena, together with the new views, 
beginning with Heisenberg and ending with Schrédinger, which have lately 
been advanced, show that we do not yet stand on solid ground. It may be 
necessary to make substantial changes in the mathematical foundations of 
relativity theory. As a consequence it is better to regard this last book 
of Appel! merely as an elementary exposition of some work in pure mathe- 
matics without regard to applications. 

One feature of the book which deserves considerable adverse criticism 
is the lack of any real application to mechanics. A few of the simpler 
equations of mechanics have been written in the tensor notation on the 
basis of the three-dimensional euclidean geometry. But no applications 
to mechanics of the more general mathematical developments have been 
made. 

The first chapter is devoted to certain fundamental theorems on linear 
and quadratic forms, and as such is introductory to the tensor calculus 
proper; an especially small type of printing is employed. A treatment of 
these fundamental theorems is usually omitted by writers on this subject. 
I regard this chapter as a valuable addition to the book. 

Owing to the all too many books which have appeared in recent years 
on the theory of relativity,as well as the increasing number of mathematical 
papers written on the basis of the tensor calculus, there does not remain 
much room for originality in the second chapter which is devoted to the 
elements of this subject. However, on account of the importance of this 
chapter for the later developments, it may be well to consider it in some 
detail. Going out from the two fundamental requirements governing the 
equations of transformation of a system of functions (f), see §20, the system 
of functions known as a tensor is introduced as a simple system satisfying 
the fundamental requirements. After this the rules of tensor algebra are 
laid down, the fundamental quadratic differential form gasdx%dx® is 
produced, and the differential equations of geodesics are developed in the 
ordinary manner. Then follows a cumbersome treatment of covariant 
differentiation of a tensor on the basis of the artificial and foreign idea of a 
comparison of tensors at different points of the manifold. In reality, co- 
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variant differentiation of a tensor has its natural origin in the determination 
of the conditions of integrability of the equations of transformation of the 
components of the tensor itself and those of the fundamental tensor gag. 
Next the Riemann-Christoffel tensor Ragys is deduced together with 
certain identities satisfied by it. The chapter closes with the derivation 
of certain well known formulas. 

Much of the work in this chapter, and in the rest of the book for that 
matter, could be simplified very much by the systematic use of normal 
coordinates, and in particular by a consideration of the relationship of 
the process of covariant differentiation to this system of coordinates. 
In this connection there arise the ‘‘extensions” of a tensor which in general 
are distinct from its covariant derivatives and which have important 
theoretical applications. For example, to give an almost trivial case, the 
extensions of the fundamental tensor gag may be used to derive the 
complete set of identities of the Riemann-Christoffel tensor Rags from 
which all other identities satisfied by this tensor can be deduced by al- 
gebraic processes. Appell has nothing to say as to whether the identities 
(27) p. 58 constitute all the identities satisfied by the tensor Ragys, and 
I take it that he is not quite sure of himself on this point since the identities 
(27) are not all algebraically independent among themselves. 

Now a remark regarding notations! It is somewhat helpful in cal- 
culation to write the Christoffel three-index symbols of the second kind 
in the inverted form } ; 3{ or to denote them by a symbol such as re in 
order that the summation of indices may be in conformity with the general 
rule (see §47, p. 47). For the purpose of emphasizing the operation of 
covariant differentiation Appell, following Galbrun, denotes, for example, 
by A;A, the covariant derivative of the vector A, (see §47, p. 50). I do not 
regard this as a desirable notation. The objections to the cumbersome 
symbol >. to denote a summation likewise apply to the A notation, and in 
operations involving repeated covariant differentiation, where a number of 
A’s appear before a tensor, these amount to nothing more than a succession 
of stumbling blocks in the way of ready calculation. What is needed is a 
notation for covariant differentiation such as A, or A, which will bring 
this operation into evidence but in as slight a manner as possible. 

Beginning with the third chapter, the book will probably take on an 
added interest for most readers. The euclidean space of three dimensions 
is discussed with reference to general curvilinear coordinates. The formulas 
for area and volume are brought in, and an interesting geometrical inter- 
pretation of the covariant and contravariant components of a tensor of 
the first order is given. To this chapter also belong the mechanical formulas 
which I have already mentioned. 

The fourth and’fifth chapters deal with the euclidean and Riemannian 
spaces of 1 dimensions respectively. The fourth chapter contains the 
generalization of the geometrical portion of the third, and in addition a 
consideration of subspaces of the euclidean space, parallel displacement 
of vectors, etc. The proof of the sufficiency of the condition Ragys =0 for 
the space to be flat is very straightforward analytically and as good as I 
have ever come across. However, it is not quite clear just what is meant 
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by A;,a‘ in the generalization of the first formulas of Serret-Frenet in §85, 
since a‘ is a function of a single parameter and not of the independent 
variables (x), as is necessary for the process of covariant differentiation. 
Certainly the fifth chapter containing the treatment of Riemann space by 
the method of Levi-Civita, whichconsists in regarding this space as a sub- 
space of a euclidean space of a larger number of dimensions, is one of the 
most interesting in the book. But from the standpoint of physical applica- 
tion, it is the intrinsic point of view essentially which is demanded. 

For the most part, the sixth chapter is devoted to the presentation of 
the affine and metric manifolds of H. Weyl. The method of development is 
not that used by Weyl in Raum, Zeit, Materie, but one which has been 
used so extensively by Cartan in which a plane manifold is associated with 
each point of the given continuum. A portion of the chapter is also given 
to the spaces of torsion of Cartan and there is a short paragraph on the 
geometry of Eddington. This latter, however, gives a very incomplete ac- 
count of the views of Eddington and it would seem that a theory which has 
had such a stimulating influence in this field could have more space allotted 
to its description. 

My objection to the work of Cartan is that it consists in a large measure 
of a mere superabundance of geometrical terminology; and this applies 
even after its analytical structure has been improved by use of the tensor 
calculus. Its lack of content is evident when once the pure invariant 
theoretic viewpoint is adopted. 

Finally, there is a chapter in sma!l type on non-euclidean geometries 
as treated by Cayley, which might, perhaps, have been made more interest- 
ing and colorful by more verbal detail. 

I believe, however, that the book will be very helpful to students wish- 
ing to gain a first insight into this mathe-natical subject, in spite of the 
criticisms which I have made, since as a whole it is written very clearly. 
It should prove quite satisfactory for use as an elementary treatise as 
intended, in fact, by its author. But this is no more than might be expected, 
for the genius of Appell as a clear and lucid expositor is recognized by 
everyone. : 

T. Y. THomas 
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SHORTER NOTICES 


Mathematical and Physical Papers, 1903-13. By Benjamin Osgood Peirce. 

Harvard University Press, 1926. 444 pp. 

The publication of the collected papers of those who have made im- 
portant contributions to science is always a valuable undertaking, and it 
is gratifying to have this volume which includes most of Professor Peirce’s 
publications during the last ten years of his life. Most of the papers in 
this volume are concerned with the magnetic properties of iron. Professor 
Peirce devoted much time to the study of this subject, and his work is 
marked by the great care he took in his experiments and by his thorough- 
going analysis of the details of the problems involved; it is an admirable 
example of the best type of experimental work. 

There are also included in this volume four papers of more mathematical 
interest, dealing with problems in the theory of the potential. 

At the end of the volume there is a bibliography of all of Professor 
Peirce’s publications. Of the 56 papers listed there, 21 are included in 
this volume. 


E, P. ApaMs 


Les Equations de la Dynamique de l’Ether. By Henri Eyraud. Paris, 

Blanchard, 1926. 

Some years ago Cartan generalised Weyl’s idea of space by supposing 
that the coefficient I';, which occurs in the equations defining parallel 
displacement of a vector, changes, by an amount A;, when the suffixes p 
and gq are interchanged. 

The new quantities A}, can be regarded as the components of a tensor 
which is called the torsion of the space of affine connection. This tensor 
plays an important part in Eyraud’s geometrical theory of the ether, 
for its contracted components represent the vector potential of the elec- 
tromagnetic field. 

When the torsion is zero and in this case only can we, by a suitable 
change of coordinates, annul at any given point all the components Tyg. 

Eyraud shows that the space which supports electromagnetic actions 
is projectively Riemannian so that there is always a Riemann space having 
the same isotropic lines (rays of light) and the same geodesic lines (orbits 
for free motion) as the ether itself. It is Hamilton’s principle which leads 
him to a knowledge of the true geodesic character of the ether. It gives 
besides the electromagnetic equations of Maxwell, the two corresponding 
systems of gravitational equations, and the second system of gravita- 
tional equations expresses precisely that the ether is applicable projectively 
and conformally on a Riemann space. He claims to have shown that the 
energy of the electromagnetic field and an electronic energy are the only 
types of energy both in the ether and inside the atoms. 

H. BATEMAN 
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The Fundamental Concepts of Physics in the Light of Modern Discovery. 
By Paul R. Heyl. Baltimore, Williams and Wilkins, 1926. xii+112 pp. 


This pleasing little book consists of a six-page foreword and three 
lectures on the changing bases of the fundamental concepts of physics. 
The first chapter deals with the eighteenth century, which is characterized 
as the century of materialism. The nineteenth century, treated in Chapter 
II, is called the century of correlation. In the third chapter is an account 
of fundamental physical concepts as they are conceived in the twentieth 
century. This century is characterized as the century of hope. The book 
is not such as should have a detailed review in a mathematical journal, 
but it is one of distinct interest to the mathematician who wishes to think 
of a part of his science in relation to the fundamental questions of physics 
with which certain domains of mathematics are intimately connected. It 
is a stimulating little volume. 

R. D. CARMICHAEL 


Elementare Reihenlehre. By Hans Falckenberg. Berlin, Walter de Gruyter, 
1926. 136 pp. 


This small volume of the well known Sammlung Géschen begins 
with a chapter on the fundamental properties of real numbers. In partic- 
ular, the author shows how to perform the four fundamental operations 
on irrational as well as rational numbers. Irrational numbers are intro- 
duced by means of the well known Dedekind cut. 

A brief chapter follows, dealing with finite series and their sums. Here 
are found many useful formulas relating to finite arithmetic series of any 
order, and finite geometric series. Here also are found the binomial 
theorem, the polynomial theorem, and a discussion of the binomial coeffi- 
cients. 

In Chapter III, the fundamentals of the theory of infinite series are 
treated very fully. Beginning with sequences, the subject is developed 
by a succession of carefully worded definitions, theorems, and rules, 
including, of course, the usual well known tests for convergence. This 
portion of the book is arranged for ready reference by means of black- 
face marginal notations. 

As the title indicates, the book deals only with the elementary portions 
of the theory of series. The topic of uniform convergence, for example, 
is not treated. The author does, however, include in the last chapter some 
of the more fundamental properties of power series. The convergence of 
the binomial series is discussed; also the hypergeometric series. Finally 
the elementary properties of the functions defined by the exponential series 
and the sine and cosine series are derived; the inversion of series is dis- 
cussed; and the inverses of the exponential function and the trigonometric 
functions are studied. 

Altogether, there is crowded into the 136 pages of this little work a 
surprising amount of useful material in an attractive and easily accessible 
form. 

Louis INGOLD 
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An Introductory Course of Mathematical Analysis. By Charles Walmsley. 

Cambridge, University Press, 1926. 

This book, which commences with a preface by Dr. W. H. Young, 
contains an elementary but rigorous presentation of the theory of irrational 
numbers, limiting processes, infinite series, and definite integrals. The 
prominence given to inequalities, and more especially to inequation, is 
an interesting feature of the book. The treatment of the elementary func- 
tions is particularly good and the matter is well arranged. The index 
of symbols at the end of the book is a welcome addition. The book contains 
a number of suitable examples. 

H. BATEMAN 


La Théorie de la Relativité. Vol. Il. By M. von Laue. Translated from 
the second German edition by Gustave Letang. Paris, Gauthier- 
Villars, 1926. xvi+312pp. 

This French translation of a standard work will be of value to those of 
us, and we are many, who find French easier to read than German. Those 
familiar with the literature in this field need no introduction to von Laue. 
The field covered by this volume is the generalised theory of relativity; 
accompanied by very good introductions to tensor analysis (Chapter IT) 
and non-euclidean geometry (Chapter IV). While the volume is by no 
means a popular exposition, the historical development of the subject 
has been attractively presented as an integral part of the more formal 
derivation of the theory. 

C. N. REYNOLDs, JR. 


Aufgaben zur synthetischen Geometrie. By K. Kommerell. Leipzig, Teubner, 

1925. 136 pp. 

This is the first of a series devoted to solutions of questions in mathe- 
matics and in analytic mechanics set by members of the faculties of the 
University of Tiibingen and of the Technische Hochschule at Stutt- 
gart for the state examinations of candidates for positions as teachers 
in secondary schools. 

The present volume is a collection of 113 problems in projective 
geometry, and the field is covered with rather surprising evenness. The 
questions are often of considerable difficulty, the solutions are compre- 
hensive, and the extensive comments throw much light on the relations 
between the problems and the general theory. There are many references 
to original papers. Not infrequently the author comments frankly on the 
ease or difficulty of a question and on its value as an examination question. 

For a first course in projective geometry about a third of the questions 
are suitable for assignment to students or for examinations. Certain 
others would be suitable for supplementing the ordinary material of the 
course. 


B. H. Brown 
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NOTES 

Professor J. R. Kline, of the University of Pennsylvania, has been 
appointed an associate editor of the Transactions of this Society. 

The April, 1927, number of the Transactions of this Society (volume 
29, No. 2) contains the following papers: Singular case of pairs of bilinear, 
quadratic, or Hermitian forms, by L. E. Dickson; Triads of ruled surfaces, 
by A. F. Carpenter; Certain uniform functions of rational functions, by E. P. 
Starke; On rejection to infinity and exterior motion in the restricted problem 
of three bodies, by B. O. Koopman; A connected and regular point set which 
has no subcontinuum, by R. L. Wilder; Meromorphic functions with addition 
or multiplication theorems, by J. F. Ritt; Real functions with algebraic addition 
theorems, by J. F. Ritt; Concerning continua in the plane, by G. T. Whyburn; 
Extremals and transversality of the general calculus of variations problem of 
the first order in space, by Jesse Douglas; A figuratrix for double integrals, 
by P. R. Rider; Manifolds with a boundary and their transformations, by 
Solomon Lefschetz; On sets of functions of a general variable, by L. L. Dines. 


Two new volumes of the Society’s Colloquium Series will appear in the 
summer of 1927 : Potential Theory, by G. C. Evans, and Algebraic Arithmetic, 
by E. T. Bell. Orders for these volumes may be sent to the Society’s office 
now, and the books will be sent when they appear; the price is $2.00 each 
(to members, $1.50). If desired, the members may have them charged on 
their bill of January, 1928. Two other volumes are in preparation and are 
expected to appear shortly: The New Diffierential Geometry, by L. P. Eisen- 
hart, and Dynamical Systems, by G. D. Birkhoff. 


The first issue of the American Journal of Mathematics in its new 
form, under the joint auspices of The Johns Hopkins University and this 
Society, as announced on page 1 of this volume of this Bulletin, has ap- 
peared as Number 1 of Volume 49. In addition to the Board of Editors 
previously announced, Professors E. T. Bell and F. D. Murnaghan are 
associate editors. This number contains the following papers: Stability 
and the equations of dynamics, by G. D. Birkhoff; Quaternary quadratic 
forms representing all integers, by L. E. Dickson; Reduction formulas for the 
number of representations of integers in certain quadratic forms, by E. T. 
Bell; Generalization of certain theorems of Bohl, (second paper), by F. H. 
Murray; Applications of the determinant and permanent tensors to deter- 
minants of general class and allied tensor functions, by C. M. Cramlet; 
Transformations leaving invariant certain partial differential equations of 
physics, by R. D. Carmichael; Transformations leaving invariant the heat 
equations of physics, by J. A. Goff; The application of fractional operators 
to functional equations, by H. T. Davis; Classification of quadrics in hyper- 
bolic space, by James Pierpont. 


The following persons have been appointed associate editors of the 
Annals of Mathematics: as representing this Society, Professors D. C. 
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Gillespie, W. L. Hart, and R. E. Langer; as representing the Mathematical 
Association of America, Professors W. B. Ford, and Anna Pell-Wheeler. 


The History of Science Society, in collaboration with committees of 
the American Mathematical Society, the Mathematical Association of 
America, the American Astronomical Society, and the American Physical 
Society, proposes to commemorate the 200th anniversary of the death of 
Sir Isaac Newton at a meeting to be held at Columbia University, Novem- 
ber 25-26, 1927. Professor D. E. Smith is chairman of the program com- 
mittee; the representatives of the American Mathematical Society and the 
Mathematical Association of America on this committee are professors 
R. C. Archibald, E. W. Brown, and Florian Cajori. 


The Royal Academy of Sciences of Holland has awarded the Lorentz 
medal for distinguished service in the field of physics to Professor Max 
Planck, of the University of Berlin. 


The Class of Physical Sciences of the Royal Academy of Bologna an- 
nounces the following subjects for its Adolfo Merlani prize in mathe- 
matics: (1) to study by a direct method the problem of the extremals of 
the curvilinear integral [¢ F(x, y; x’, y’; x’, y’’)dt; (2) to present a mono- 
graph on conformal representation. Manuscripts or printed works pub- 
lished not earlier than 1927 on either subject, should be sent to the Secre- 
tary of the Class of Physical Sciences of the Academy before December 
31, 1928. Competition is not limited to Italians. 


Cambridge University announces the award of the following prizes: 
Smith’s prizes to S. Goldstein, of St. John’s College, and W. V. D. Hodge, 
of St. John’s College, for essays entitled, respectively, Mathieu functions and 
Linear systems of plane algebraic curves of any genus; Rayleigh prizes to 
D. Burnet, of Clare College, and C. A. Meredith, of Trinity College, for 
essays entitled respectively, Electric radiation over the earth’s surface and 
Some theorems on infinite cardinals. The subject announced for the Adams 
prize for 1927-28 is the following: The variations of the earth’s magnetic 
field in relation to electric phenomena in the upper atmosphere and on the 
earth: a contribution to the theory of the origin of the various phenomena 
is desired. 


The following have been elected foreign correspondents of the Reale 
Istituto Lombardo, Milan: Professors E. Borel and J. Hadamard, of 
Paris; Professors D. Hilbert and E. Landau, of G6ttingen; Professor A. 
von Brill, of Tiibingen. 


Professor E. T. Bell, of the California Institute of Technology, has 
been elected a member of the National Academy of Sciences. 


Professor G. D. Birkhoff, of Harvard University, has been elected an 
honorary member of the Edinburgh Mathematical Society. 


The University of Lemberg has conferred an honorary doctorate on 
Professor R. A. Millikan, of the California Institute of Technology. 


= 
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Professor E. W. Brown, of Yale University, has accepted the invitation 
of the Society to deliver its fifth Josiah Willard Gibbs Lecture, in connection 
with the meetings of the Society and the American Association for the 
Advancement of Science at Nashville, in December, 1927. 


Professor Constantin Carathéodory, of the University of Munich, has 
been appointed visiting professor at Harvard University for the second 
half of the academic year 1927-28. 


The following awards of Guggenheim fellowships for the coming aca- 
demic year in the fields of mathematics and mathematical physics are 
announced: Dr. C. H. Eckert, of the California Institute of Technology. 
for research in quantum theory; Professor Philip Franklin, of the Massa- 
chusetts Institute of Technology, for the study of integral equations and 
orthogonal functions; Professor G. E. Gibson, of the University of Cali- 
fornia, for the study of the theory of band spectra; Dr. W. V. Houston, 
of the California Institute of Technology, for the study of quantum me- 
chanics as applied to the explanation of spectra; Dr. F. C. Hoyt, of the 
University of Chicago, for research in quantum theory and its relation to 
radiation and atomic structure; Professor V. F. Lenzen, of the University 
of California, for the study of statistical mechanics; Professor M. S. 
Vallarta, of the Massachusetts Institute of Technology, to study the 
connection between Schrédinger’s wave mechanics and the Einstein 
theory of relativity; Professor H. S. Vandiver, of the University of Texas, 
for research on Fermat’s last theorem and the laws of reciprocity in the 
theory of algebraic numbers. 


Professor Eugenie M. Morenus of Sweet Briar College has been awarded 
the Anna B. Brackett Memorial Fellowsk'p by the American Association 
of University Women. 


Dr. O. Mader has been appointed professor of mechanics at the Munich 
Technical School. 


Dr. J. E. Lennard-Jones, of the University of Bristol, has been promoted 
to a professorship of theoretical physics. 


The following have been appointed docents in European universities: 
Dr. Richard Brauer, in mathematics, at the University of Kénigsberg; 
Dr. Georg Feigl, in mathematics, at the University of Berlin; Dr. Pasqual 
Jordan, in theoretical physics, at the University of Gottingen; Dr. Kornel 
Lanczos, in theoretical physics, at the University of Frankfurt a. M.; 
G. Mammana and E. Raimondi, in algebraic analysis and rational me- 
chanics, respectively, at any Italian universities of their choice. 


Princeton University has established a professorship in-memory of 
Charles A. Young, who was professor of astronomy at the University from 
1887 to 1908. Professor H. N. Russell, director of the Princeton Observa- 
tory, has_been*made the first_incumbent. 


= 
= 
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Yale University plans to honor the memory of Josiah Willard Gibbs by 
the establishment of a Gibbs Fund of $250,000, the income of which will be 
devoted to the departments of chemistry, physics, and mathematics. 


The list of doctorates conferred by American Universities during 1926, 
as published in the May-June issue of this Bulletin, should have included 
the following: 

Christine Ladd-Franklin, Johns Hopkins, February, On the algebra of 
logic. 


G. M. Merriman, Cincinnati, June, Sufficient conditions for the sum- 
mability of double series, with applications to the double Fourier series. 


The following graduate courses in mathematics are announced or the 
academic year 1927-1928. 

Brown University.—By Professors R. G. D. Richardson and 
C. R. Adams: Introduction to advanced analysis——By Professors J. D. 
Tamarkin and C. R. Adams: Seminary course.—By Professor A. A. Bennett: 
Advanced algebra.—By Professor J. D. Tamarkin: Theory of differential 
equations. 


UNIVERSITY OF CALIFORNIA.—By Professor Florian Cajori: Seminar 
on foundations of the calculus, I; Seminar on history of algebra, II; The 
teaching of mathematics in secondary schools, I1—By Professor B. A. 
Bernstein : Logic of algebra, I; Logic of Geometry, II; Seminar on founda- 
tions of mathematics, II—By Professor M. W. Haskell: Line geometry, I; 
Theory of continuous groups.—By Professor D. N. Lehmer: Algebraic 
curves and surfaces, Il; Theory of Numbers, II.—By Professor Pauline 
Sperry : Differential geometry, I; Projective differential geometry, II.—By 
Professor J. H. McDonald: Functions of a complex variable; Advanced 
analytic mechanics.—By Professor T. M. Putnam: Special analytic func- 
tions, I; Partial differential equations, I1—By Professor Frank Irwin: 
Integral equations, I; Galois theory of equations, II.—By Professor C. A. 
Noble: Calculus of variations. 


UNIVERSITY OF CHICAGO.—By Professor E. H. Moore: General 
analysis, I, II, III, IV, V; Seminar on foundations of mathematics.—By 
Professor H. E. Slaught: Differential equations; Definite integrals.—By 
Professor G. A. Bliss: Calculus of variations and Riemannian geometry; 
Partial differential equations; Algebraic functions; Boundary value 
problems in the calculus of variations; Thesis work in analysis.—By 
Professor L. E. Dickson: Topics in algebra; Topics in the theory of 
numbers; Advanced topics in algebra and the theory of numbers; Thesis 
work in algebra and theory of numbers.—By Professor E. P. Lane: Ana- 
lytic projective geometry; Space curves and ruled surfaces; Solid analytic 
geometry; Differential geometry.—By Professor A. C. Lunn: Statistics 
and probability; Vector analysis; Dyadics and crystal physics; Fourier 
series and Bessel functions; Units and dimensions; Vector analysis in 
Riemannian-Einstein space.—By Professor M. I. Logsdon: Advanced 
analytic geometry; Algebraic geometry; Algebraic invariants.——By Pro- 
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fessor W. D. MacMillan: Analytic mechanics I, II; Celestial mechanics; 
Dynamics of rigid bodies.—By Professor L. M. Graves: Vectors, matrices 
and quaternions; Functions of a complex variable; Functions of a real 
variable-—By Professor R. W. Barnard: Limits and series —By Professor 
Walter Bartky: Modern theories of differential equations, I, II; Vector 
analysis; Electrodynamics; Quantum mechanics. In connection with all 
advanced courses students may register for Reading and Research. 


University OF CINCINNATI.—By Professor Harris Hancock: Ad- 
vanced calculus; Theory of algebraic numbers; Thesis work in algebraic 
numbers.—By Professor Louis Brand: Mechanics of deformable bodies; 
Electrodynamics.—By Professor C. N. Moore: Theory of functions of a 
real variable; Course in reading and research.—By Professor R. E. Hund- 
ley: Advanced technical mechanics.—By Professor C. A. Garabedian: 
Elasticity, II; Thesis work in elasticity—By Professor W. C. Osterbrock: 
The differential equations of engineering —By Professor I. A. Barnett: 
Integral equations.—By Professor Meyer Salkover: Quantum theory and 
atomic structure. 


Co_uMBIA UNIVERsity.—By Professor T. S. Fiske: Elementary exposi- 
tion of modern advances in mathematical science; Theory of functions.— 
By Professor E. Kasner: Seminar in differential geometry.—By Professor 
W. B. Fite: Differential equations.—By Professor J. F. Ritt: Elliptic func- 
tions.—By Professor G. A. Pfeiffer: Principles and scope of geometry.—By 
Dr. B. O. Koopman: Mathematical theory of deformable media, with ap- 
plications to hydro-dynamics and elasticity; Partial differential equations of 
mathematical physics. 


CoRNELL UNIVERsITY.—By Professor J. I. Hutchinson: Theory 
of functions of a complex variable-—By Professor Virgil Snyder: Projec- 
tive geometry.—By Professor F. R. Sharpe: Hydro-dynamics and elas- 
ticity—By Professor Arthur Ranum: Theory of numbers.—By Professor 
W. A. Hurwitz: Differential equations of mathematical physics.—By 
Professor W. B. Carver: Theory of finite groups.—By Professors Hutchin- 
son and Carver: Elementary differential equations.—By Professor D. C. 
Gillespie: Principles of mechanics.—By Professor C. F. Craig: Modern 
higher algebra.—By Mr. P. A. Fraleigh: Advanced calculus—By Dr. 
B. F. Kimball: Differential geometry of curves and surfaces.—By Mr. H. 
Poritsky: Graphical and mechanical computations; Wave motion.—By 
Mr. H. C. Shaub: Advanced analytic geometry. 


HARVARD UNIVERsITY.—By Professor W. F. Osgood: Functions 
of real variables, I.—By Professor J. L. Coolidge: Higher geometry.—By 
Professor E. V. Huntington: Mathematical methods in statistics——By 
Professor G. D. Birkhoff: Problem of three bodies.—By Professor W. C. 
Graustein: Introduction to modern geometry; Advanced calculus, I; 
Projective geometry.—By Professor Marston Morse: Theory of potential 
II; Functions of real variables, II—By Professor H. W. Brinkman: Ad- 
vanced calculus, II; Theory of numbers.—By Dr. H. M. Stone: Probability 
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calculus, II; Theory of numbers.—By Dr. M. H. Stone: Probability; 
Analytical theory of heat, problems in elastic vibrations; Expansion 
problems connected with ordinary differential equations.—By Dr. M. S. 
Demos: Calculus of variations. Professor Morse will conduct a fortnightly 
seminar in the theory of functions. Courses of research are offered by 
Professor Osgood in the theory of functions, by Professor Coolidge in 
geometry, by Professor Huntington in postulate-theory, by Professor 
Birkhoff in the theory of differential equations, by Professor Graustein in 
geometry, by Professor Morse in analysis situs, by Professor Walsh in 
analysis, by Professor Brinkmann in the theory of groups, and by Dr. Stone 
in expansion problems. 


University OF ILLinots.—By Professor E. J. Townsend: Functions 
of a complex variable—By Professor G. A. Miller: Theory of groups. 
—By Professor J. B. Shaw: Linear algebra.—By Professor R. D. Car- 
michael: Linear differential equations.—By Professor A. Emch: Algebraic 
geometry.—By Professor A. R. Crathorne: Theory of probability—By 
Professor O. C. Hazlett: Theory of numbers. 


University oF Iowa.—By Professor H. L. Rietz: Actuarial theory; 
Statistics; Seminar in actuarial science and statistics——By Professor 
E. W. Chittenden: Advanced calculus; Functions of a real variable. 
—By Professor R. P. Baker: Theoretical mechanics; Higher algebra.—By 
Professor J. F. Reilly: Partial differential equations; Mathematics of 
finance; Finite differences——By Professor Roscoe Woods; Advanced 
analytic geometry; Solid analytic geometry.—By Professor C. C. Wylie: 
Celestial mechanics.—By Dr. L. E. Ward: Functions of a complex variable. 
—By Dr. N. B. Conkwright: Differential equations; Theory of equations. 


Jouns Horxins University.—By Professor F. Morley: Inversive 
By Professor A. Cohen: Theory of functions; Differential equations and 
advanced calculus.—By Professor F. D. Murnaghan: Hydro dynamics; 
Elasticity; Tensor analysis; New quantum mechanics.—By Professor J. R. 
Musselman: Projective geometry. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY.—By Professor F. S. 
Woods: Advanced calculus.—By Professor D. P. Bartlett: Least squares 
and probability—By Professor C. L. E. Moore: Theoretical aeronau- 
tics; Advanced wing theory; Rigid dynamics.—By Professor H. B. Phil- 
lips: Vector analysis; Theory of the gyroscope.—By Professor G. Rutledge: 
Theory of functions; Modern algebra.—By Dr. D. J. Struik: Differential 
geometry.—By Professor N. Wiener: Fourier series and integral equations. 


University OF MicuiGAn.—By Professor J. L. Markley: Studies 
in the differential and integral calculus.—By Professor J. W. Glover: 
Theory of probability; Finite differences; Advanced mathematical the- 
ory of interest and life contingencies——By Professor W. B. Ford: Ad- 
vanced calculus with especial reference to Fourier series and harmonic 
analysis; Infinite series and products; Advanced differential equations.— 
By Professor L. C. Karpinski: Higher algebra; Teachers’ seminary in 
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mathematics; History of mathematics——By Professor Peter Field: Ad- 
vanced mechanics; Theory of the potential; Vector analysis.—By Professor 
T. R. Running: Graphical methods; Empirical formulas; Differential 
equations for chemical engineers; Mathematical theory of heat conduction. 
—By Professor J. W. Bradshaw: Descriptive geometry; Projective geom- 
etry.—By Professor T. H. Hildebrandt: Theory of functions of a real 
variable.—By Professor C. E. Love: Infinite processes; Differential equa- 
tions.—By Professor H. C. Carver: Mathematical theory of statistics; 
Advanced mathematical theory of interest and life contingencies—By 
Professor L. A. Hopkins: Celestial mechanics.—By Professor V. C. Poor: 
Elements of elasticity and hydrodynamics.—By Professor C. J. Coe: 
Analytic mechanics; Integral equations——By Professor L. J. Rouse: 
Advanced calculus; Fourier series and harmonic analysis.—By Professor 
W. W. Denton: Advanced calculus; Elements of mechanics; Partial differ- 
ential equations of physics.—By Professor N. H. Anning: Differential 
equations; Theory and use of mathematical instruments.—By Professor 
J. A. Shohat: Selected topics in analysis.—By Professor J. A. Nyswander: 
Higher algebra; Algebraic theory; Modern theory of differential equations. 
—By Professor G. Y. Rainich: Quadratic forms and quadratic numbers; 
Theory of functions of a complex variable; Differential geometry; Mathe- 
matics of relativity——By Professor R. L. Wilder: Analysis situs—By 
Mr. D. K. Kazarinoff: Projective geometry for engineers; Calculus of 
variations; Mathematical theory of aerofoils; Advanced stability.—By 
Mr. O. J. Peterson: Solid analytic geometry.—By Mr. S. E. Field: Differ- 
ential equations. 


Ouro State University.—By Professor H. W. Kuhn: Theory of 
equations; Ordinary differential equations——By Professor S. E. Rasor: 
Functions of a complex variable-—By Professor H. Blumberg: Introduc- 
tion to modern mathematics; Point sets; Problems in analysis.—By Pro- 
fessor C. C. Morris: Theory of probability; Advanced statistics—By 
Professor J. H. Weaver: Advanced euclidean geometry; Advanced calcu- 
lus.—By Professor C. C. MacDuffee: Theory of numbers; Theory of 
algebraic numbers; Linear algebras.—By Professor A. D. Michal: Fourier 
series; Partial differential equations; Calculus of variations —By Professor 
Grace Bareis: Synthetic projective geometry; Advanced analytic geom- 
etry.—By Professor C. T. Bumer: Finite differences; Actuarial theory; 
Vector analysis. 


PRINCETON UNIvERsITY.—By Professor H. B. Fine: Theory of elimina- 
tion, (first term).—By Professor L. P. Eisenhart: Differential geometry; 
Riemannian geometry.—By Professor O. Veblen : Seminary.—By Professor 
J. H. M. Wedderburn: Linear algebras, (second term).—By Professor S. 
Lefschetz: Analysis situs; Functions of a complex variable——By Professor 
J. W. Alexander: Functions of a real variable; Partial differential equations 


Rice InstituTtE.—By Professor G. C. Evans: Differential and integral 
equations; General dynamics and relativity—By Professor L. R. Ford: 
Theory of functions of a complex variable; Algebraic functions and their 
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integrals.—By Professor H. E. Bray: Theory of functions of a real variable. 
—By Dr. A. H. Copeland: Finance: Statistics; Probability. 


UNIVERSITY OF TEXxAs.—By Professor M. B. Porter: Analytic func- 
tions.—By Professor R. L. Moore: Point sets and continuous trans- 
formations; Research in point-set theory.—By Professor E. L. Dodd: 
Infinite processes; Research in probability.—By Professor H. J. Ettlinger: 
Theory of elasticity; Research in differential equations—By Professor 
P. M. Batchelder: Relativity——By Professor A. E. Cooper: Continuous 
groups. 


YALE UNIvErRsiITy.—By Professor James Pierpont: Theory of func- 
tions of a complex variable; Differential geometry, I—By Professor 
P. F. Smith: Geometrical transformations and continuous groups.—By 
Professor E. W. Brown: Advanced mechanics.—By Professor W. R. 
Longley : Approximation methods.—By Professor W. A. Wilson: Functions 
of real variables.—By Professor E. J. Miles: Calculus of variations, I—By 
Professor J. K. Whittemore: Differential geometry, II——By Professor 
J. I. Tracey : Analytic geometry, I—By Dr. L. T. Moore: Higher Algebra. 
—By Dr. H. M. Gehman: Plane analysis situs—By Dr. C. A. Shook: 
Potential theory and Laplace’s equations; Hydromechanics. 


Professor A. A. Bennett, of Lehigh University, has been appointed 
professor of mathematics at Brown University. 


Dr. H. W. Brinkmann, of Harvard University, has been promoted to 
an assistant professorship of mathematics. 


Professor J. L. Coolidge, of Harvard University, has been appointed 
exchange professor to France; he will lecture at the Sorbonne on algebraic 
plane curves. 

Professor Tobias Dantzig, of the University of Maryland, lectured 
during the academic year 1926-27 at the Bureau of Standards on the 
mathematical theory of elasticity. 


Professor W. C. Eells, of the department of applied mathematics at 
Whitman College, has been appointed associate professor of education at 
Stanford University. 


Professor Tomlinson Fort, of Hunter College, has been appointed head 
of the department of mathematics at Lehigh University. 


Dr. H. M. Gehman, of Yaie University, has been promoted to an 
assistant professorship of mathematics. 


Professor R. L. Green, of Stanford University, has retired. 


Dr. C. M. Huber, of Rutgers University, has been promoted to an 
assistant professorship of mathematics. 


Dr. L. S. Hulburt, collegiate professor of mathematics at Johns Hopkins 
University, has retired. 
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Assistant Professor M. H. Ingraham, of Brown University, has accepted 
a professorship of mathematics at the University of Wisconsin. 


Associate Professor O. D. Kellogg, of Harvard University, has been 
promoted to a full professorship of mathematics. 


Professor C. J. Keyser, of Columbia University, has retired, as Adrain 
professor emeritus. 


Assistant Professor R. E. Langer, of Brown University, has accepted 
a professorship of mathematics at the University of Wisconsin. 


Dr. Harry Levy has been appointed assistant professor of mathematics 
at the University of Illinois. 


Associate Professor I. Maizlich has been promoted to a full professor- 
ship at Centenary College. 


Professor E. D. Meacham has been made assistant dean of the College of 
Arts and Sciences at the University of Oklahoma. 


Dr. A. D. Michal has been appointed assistant professor of mathematics 
at the Ohio State University. 


Professor J. J. Nassau, of Case School of Applied Science, has been 
granted a year’s leave of absence, beginning next September, to study at 
Cambridge University. 


Dr. Oystein Ore, of the University of Oslo, has been appointed assistant 
professor of mathematics at Yale University. 


Assistant Professor G. E. Raynor, of Wesleyan University, has been 
appointed associate professor of mathematics at the University of 
Oklahoma. 


Associate Professor W. D. Reeve, of Teachers’ College, Columbia 
University has been promoted to a full professorship of mathematics. 


Dr. D. E. Richmond has been appointed assistant professor of mathe- 
matics at Williams College. 


Assistant Professor J. F. Ritt has been promoted to an associate 
professorship of mathematics at Columbia University. 


Dr. C. A. Shook has been promoted to an assistant professorship of 
mathematics at Yale University. 


Assistant Professor J. D. Tamarkin, of Dartmouth College, has been 
appointed assistant professor of mathematics at Brown University. 


Mr. H. S. Thurston, of Brown University, has been appointed professor 
of mathematics at Acadia University. 


Associate Professor W. A. Wilson has been promoted to a full professor- 
ship at Yale University. 


| 
| 
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The following appointments to instructorships in mathematics are 
announced: 

Brown University, Mr. A. O. Hickson; 

Harvard University, Dr. M. S. Demos, Dr. M. H. Stone of Columbia 
University; 

University of Iowa, Mr. John Stehn; 

Yale University, Mr. H. T. Engstrom, Mr. T. H. Rawles. 


Dr. A. H. Bucherer, professor of mathematical physics at the Univer- 
sity of Bonn, died April 16, 1927, at the age of sixty-two. 


Dr. Franz Mertens, formerly professor of mathematics at the University 
of Vienna, is dead. 

M. Daniel Berthelot, professor of physics at the University of Paris, 
has died, at the age of sixty-two. 


Mr. H. B. Goodwin, formerly examiner in nautical astronomy at the 
Royal Naval College, Greenwich, died February 24, 1927, at the age of 
seventy-nine. 


Professor R. F. Borden, of George Washington University, died March 
15, 1927. Professor Borden had been a member of this Society since 1920. 


Dr. F. H. Loud, emeritus professor of mathematics and astronomy at 
Colorado College, has died, at the age of seventy-five. 
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NEW PUBLICATIONS 


PART I. PURE MATHEMATICS 


Acost1n1 (A.) e BortoLorti (E.). Esercizi di geometria analitica. Volume 
2. Bologna, Zanichelli, 1926. 

BALsER (L.). Sphirische Trigonometrie. Kugelgeometrie in konstruktiver 
Behandlung. (Mathematisch-Physikalische Bibliothek.) Leipzig, 
Teubner, 1927. 52 pp. 

Barnett (I. A.). Plane analytic geometry. New York, Wiley, 1926. 
9+269 pp. 

Berwick (W. E. H.). Integral bases. (Cambridge Tracts, No. 22.) 
London, Cambridge University Press, 1927. 95 pp. 

BIERBERBACH (L.). Einfiihrung in die konforme Abbildung. 2te, neubear- 
beitete Auflage. (Sammlung Géschen.) Berlin, de Gruyter, 1927. 
131 pp. 

Biocu (A.). Les fonctions holomorphes et méromorphes dans le cercle- 
unité. (Mémorial des Sciences Mathématiques, No. 20.) Paris, 
Gauthier-Villars, 1926. 60 pp. 

(E.). See AGostini (A.). 

BReEuscH (F.). Ziele und Wege des Unterrichts in Mathematik und exakten 
Wissenschaften. I: Mathematik. Karlsruhe, G. Braun, 1926. 97 pp. 

Bucuuorz (H.). Das Problem der Kontinuitaét. (Neue Psychologische 
Studien, herausgegeben von F. Krueger, 3ter Band, ites Heft.) Miin- 
chen, Beck’sche Verlags-Buchhandlung, 1927. 132 pp. 

BuRALI-Fortl (C.). Geometria analitico-proiettiva. 2a edizione. Torino, 
Petrini, 1926. 9+290 pp. 

Cecu (E.). See Fusrni (G.). 

Cooiipce (J. L.).  Einfiihrung in die Wahrscheinlichkeitsrechnung. 
Deutsche Ausgabe von F. M. Urban. Leipzig, Teubner, 1927. 10+212 
pp. 

LE CORBEILLER (P.). Contribution 4 l’étude des formes quadratiques 
4 indéterminées conjuguées. Toulouse, Librairie de 1’Université, 
1926. 179 pp. 

DALGLEIsH (I. S.). The lightning graphs. Series I. London, Crosby Lock- 
wood, 1926. 

EnRIQUES (F.). Courbes et fonctions algébriques d’une variable. Traduit 
par M. Legaut. Paris, Gauthier-Villars, 1926. 592 pp. 

Forsytu (A. R.). Calculus of variations. Cambridge, University Press, 
and New York, Macmillan, 1927. 22+656 pp. 

Fusini (G.) e Cecu (E.). Geometria proiettiva differenziale. Tomo 2. 
Bologna, Zanichelli, 1927. Pp. 389-794. 

GaneEt (M.). Les systémes d’équations aux dérivées partielles. (Mémorial 
des Sciences Mathématiques, No. 21.) Paris, Gauthier-Villars, 1927. 
56 pp. 
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GRassMANN (H.). Projektive Geometrie der Ebene unter Benutzung der 
Punktrechnung dargestellt. Band 2: Ternires. Teil 2. Leipzig, 
Teubner, 1927. 16+522 pp. 

HADAMARD (J.). Cours d’analyse professé 4 l’Ecole Polytechnique. Tome 
1. Paris, Hermann, 1927. 8+624 pp. 

HERRMANN (A.). Das Delische Problem. Die Verdopplung des Wiirfels. 
(Mathematisch-Physikalische Bibliothek.) Leipzig, Teubner, 1927. 
58 pp. 

KRUEGER (F.). See (H.). 

LAGRANGE (R.). Calcul différentiel absolu. (Mémorial des Sciences 
Mathématiques, No. 19.) Paris, Gauthier-Villars, 1926. 39 pp. 

-See (N. E.). 

Lecaut (M.). See ENRIQUEs (F.). 

Levi-Crvita (T.). The absolute differential calculus (calculus of tensors). 
Edited by E. Persico. Authorized translation by Miss M. Long. 
London, Blackie, 1927. 16+450 pp. 

LietzMaNnn (W.). Uber die Beurteilung der Leistungen in der Schule. 
Psychologisches. Leipzig, Teubner, 1927. 117 pp. 

Lone (M.). See Levi-Civita (T.). 

DE Loor (B.). De hoofdstelling van de algebra van intuisionisties stand- 
punt. (Dissertation.) Amsterdam, Swets en Zeitlinger, 1925. 8+63 pp. 

Mannovury (G.). Mathesis en mystiek. Amsterdam, Wereldbibliotheek, 
1925. 116 pp. 

NIEWENGLOwWSKI (B.). Cours de géométrie analytique. Tome IV: Appli- 
cation des quaternions 4 la géométrie analytique. Paris, Gauthier- 
Villars, 1927. 212 pp. 

NoOrtunpD (N. E.). Lecons sur les séries d’interpolations. Rédigées par 
R. Lagrange. (Collection Borel.) Paris, Gauthier-Villars, 1926. 
PerRON (O.). Algebra. Band I: Die Grundlagen. Band II: Theorie der 
algebraischen Gleichungen. Berlin, de Gruyter, 1927. 8+308+8-+ 243 

pp. 

Persico (E.). See Levi-Civita (T.). 

RotHE (R.). Héhere Mathematik. 2te Auflage. Teil I: Differentialrech- 
nung und Grundformeln der Integralrechnung. Leipzig, Teubner, 
1927. 6+186 pp. 

RwunGE (C.). Vektoranalysis. 2te Auflage. Band 1. Leipzig, Hirzel, 1926, 
8+195 pp. 

Russe (B.). See WHITEHEAD (A. N.). 

Ursan (F. M.). See Coorince (J. L.). 

pE Vries (H.). Historische Studien. I. Groningen, Noordhoff, 1926. 
192 pp. 

WEATHERBURN (C. E.). Differential geometry of three dimensions. 
Cambridge, University Press, 1927. 12+268 pp. 

WHITEHEAD (A. N.) and RussELt (B.). Principia mathematica. 2d edition. 
Volume II. Cambridge, University Press, 1927. 32+742 pp. 

Younc (L. C.). The theory of integration. (Cambridge Tracts, No. 21.) 
London, Cambridge University Press, 1927. 53 pp. 
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PART II. APPLIED MATHEMATICS 


ArnsLey (T.L.). Magnetism and the deviation of the compass in iron ships. 
New edition. South Shields, Ainsley, 1926. 165 pp. 

ANDRADE (E.). The structure of the atom. 3d edition, revised and en- 
larged. London, Bell, 1927. 18+750 pp. 

AUERBACH (F.) und Hort (W.), herausgegeben von. Handbuch der 
physikalischen und technischen Mechanik. In 7 Banden. Band 1, 
Lieferung 1, und Band 3. Leipzig, Barth, 1927. 10+306+10+468 pp. 

Barrow (F. L.). See Prpparp (A. J. S.). 

BeuM (W.). Welteis und Weltentwicklung. Leipzig, Voigtlander, 1926. 

BERGER (R.). Die Schalltechnik. Braunschweig, Vieweg, 1926. 4+115 pp. 

Banc (A. E. M.). Le chef mécanicien-électricien. Tome 3: Mécanique 
générale. Paris, Desforges, 1926. 664 pp. 

Cuwo rson (O. D.). Lehrbuch der Physik. 2te, verbesserte und vermehrte 
Auflage. Band 4, Abteilung 2, von G. Schmidt. 48 pp. 

CLatwortny (J. P.). An introduction to mechanics. 2 volumes. London, 
Methuen, 1926. 9+207+7+225 pp. 

Compton (A. H.). X-rays and electrons. New York, Van Nostrand, 1926. 
15+403 pp. 

FoerRsTER (M.). Die Grundziige des Eisenbetonbaues. 3te, verbesserte 
und vermehrte Auflage. Berlin, Springer, 1926. 582 pp. 

DE FONTVIOLANT (B.). Résistance des matériaux, analytique et graphique. 
Tome II. Paris, Bailliére, 1927. 728 pp. 

FRENKEL (J.). Lehrbuch der Elektrodynamik. Band 1. Berlin, Springer, 
1926. 10+365 pp. 

Gay (L.). Les mathématiques du chimiste. Paris, Hermann, 1926. 208 pp. 

GEIGER (H.) und ScHEEL (K.). Handbuch der Physik. Band 14: Elek- 
trizititsbewegung in Gasen, redigiert von W. Westphal. Berlin, 
Springer, 1926. 6+444 pp. 

Hoppe (E.). Geschichte der Physik. Braunschweig, Vieweg, 1926. 536 pp. 

Hort (W.). See AUERBACH (F.). 

Jorpan (C.). Statistique mathématique. Avec une préface de M. d’Ocagne. 
Paris, Gauthier-Villars, 1927. 8+344 pp. 

Kann (F.).Durchlaufende Eisenbetonkonstruktionen in elastischer 
Verbindung mit den Zwischenstiitzen (Plattenbalken- und Pilzdecken). 
Berlin, Springer, 1926. 

KELEN (N.). Die Staumauern. Theorie und wirtschaftlichste Bemessung. 
Berlin, Springer, 1926. 8+294 pp. 

Knicut (C. K.). Advanced life insurance, with illustrations of the prin- 
ciples and practices of actuarial science. New York, Wiley, 1926. 
11+426 pp. 

Krey (H.). Erddruck, Erdwiderstand und Tragfihigkeit des Baugrundes. 
Berlin, Springer, 1926. 

Lamia (E.). Grundriss der Physik fiir Naturwissenschaftler, Mediziner 
und Pharmazeuten. Berlin, Springer, 1925. 

LaNnGwortuy (F.). Reflections on the structure of the atoms, London, 
Watts, 1926. 11+260 pp. 
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von Lave (M.) und von Mises (R.). Stereoskopbilder von Kristall- 
gittern. Berlin, Springer, 1926. 43 pp.+24 plates. 

Loner (E.). Atomismus und Kontinuitatstheorie in der neuzeitlichen 
Physik. Leipzig, Teubner, 1926. 82 pp. 

MacpouGa.Lt (F. H.). Thermodynamics and chemistry. 2d edition. 
London, Chapman and Hall, 1926. 

Manes (A.), herausgegeben von. Fortbildungsvortrige. Teil II: Lebens- 
versicherung und sonstige Personenversicherung. Berlin, E. S. 
Mittler, 1926. 

VON Mises (R.). See von LAvE (M.). 

Morevx (T.). Pour comprendre la mécanique. Paris, Doin, 1926. 260 pp. 

NOLKE (F.). Entwicklung im Weltall; kosmogonische Probleme und Hy- 
pothese. Hamburg, Henri Grand, 1926. 

p’OcAGNE (M.). See JorDAN (C.). 

OTTENHEIMER (J.). Balistique intérieure. Paris, Colin, 1926. 200 pp. 

PapFIELD (W. W.). Stresses in space frames. London, Association of 
Engineering and Shipbuilding Draftsmen, 1926. 

Pipparp (A. J.S.) and Barrow (F.L.). The stress analysis of bow girders. 
London, H. M. Stationery Office, 1926. 4+27 pp. 

PLancK (M.). Physikalische Gesetzlichkeit im Lichte neuerer Forschung. 
Leipzig, Barth, 1926. 48 pp. 

Rey (A.). Le retour éternel et la philosophie de la physique. Paris, Flam- 
marion, 1927. 316 pp. 

SCHEEL (K.). See GEIGER (H.). 

Scumip (H.). Statische Probleme des Tunnel- und Druckstollenbaues und 
ihre gegenseitigen Beziehungen. Berlin, Springer, 1926. 

Scumipt (G.). See Cuyworson (O. D.). 

ScHRODINGER (E.). Abhandlungen zur Wellenmechanik. Leipzig, Barth, 
1927. 9+169 pp. 

SmMEKAL (A.). Allgemeine Grundlagen der Quantenstatistik und Quanten- 
theorie. Leipzig, Teubner, 1926. 6+362 pp. 

STEPHAN (P.). Die technische Mechanik des Maschineningenieurs. Band 
5: Die Statik der Fachwerke. Berlin, Springer, 1926. 140 pp. 

Tarn (A. W.). The student’s guide to life assurance in theory and practice. 
London, Macdonald and Evans, 1926. 307 pp. 

WESTPHAL (W.). See GEIGER (H.). 

Woop (E. H.). Textbook of mechanics. New York, Wiley, 1926. 251 pp. 

WoeunperR (R.). Die kurzen Wellen. Sende und Empfangsschaltungen. 
(Bibliothek des Radio-Amateurs.) Berlin, Springer, 1926. 108 pp. 


Mémorial des Sciences Mathematiques 
Edited by Henrt VILLat 


Under the patronage of la Société mathématique de France, l’Acadé- 
mie des Sciences de Paris, and the scientific academies of Servia, Bel- 
gium, Bucarest, Poland, Ukraine, Spain, Prague, Rome (dei Lincei), 
and Sweden. See this BULLETIN, vol. 31, Nos. 5-6, p. 281. 


The following seventeen monographs have appeared at 10 fr. each. 


Paut APpPELL, Sur une forme générale des équations de la dynamique. 

G. Vattron, Fonctions entiéres et fonctions méromorphes. 

Pau APPEL, Séries hypergéométriques de plusiers variables, polynomes. 
d’Hermite et autres fonctions sphériques de l’hyperespace. 

M. p’Ocacne, Esquisse d’ensemble de la nomographie. 

P. Lévy, Analyse fonctionnelle. 

E. Goursat, Le probléme de Backlund. 

A. Séries analytiques. Sommabilité. 

TH. Donner, Introduction a la gravifique einsteinienne. 

E. Cartan, La géométrie des espaces de Riemann. 

P. Humsert, Fonctions de Lamé et fonctions de Mathieu. 


G. Bovuticanp, Fonctions harmoniques. Principes de Picard et de 
Dirichlet. 


R. Gosse, La méthode de arboux pour les équations s=f (x, y, 2, Pp, q). 
A. Véronnet, Figures d’équilibre et cosmogonie. 

Tu. p—E Donper, Théorie des champs gravifiques. 

S. ZarEMBA, La logique des muthématiques. 

A. Formules Stokiennes. 

G. Vattron, Théorie générale des séries de Dirichlet. 


Many others are in press or in preparation. 
For all information, address M. Villat, l'Université de Strasbourg, or 


Gauthier-Villars et Cie., 55, Quai des 
Grands-Augustins, Paris 


FRESHMAN MATHEMATICS 


By GEORGE WALKER MULLINS, Associate Pro- 
| fessor of Mathematics, Barnard College, and DAVID 
| EUGENE SMITH, Professor Emeritus of Mathema- 

tics, Teachers College, Columbia University. 


HIS BOOK offers a good working course for 


trigonometry, analytic geometry, and the calcu- 
lus which are needed for later work in the sciences and 
in higher mathematics. Emphasis is placed on the 
practical applications of mathematics, and the treat- - 
ment is developed around this aspect of the science. 


| 
| one year in the elements of college algebra, 


Only elementary algebra and plane geometry are pre- 
j supposed. Catalogue price. $3.00, 


Boston GINN AND COMPANY New York 


Chicago Atlanta Dallas Columbus San Francisco 


The Carus Mathematical Monographs 
Published under the Auspices of 
The Mathematical Association of America 


Through Funds Provided By 


Mrs. Mary HeEGeELER Carus 


The Association announces that the third volume has appeared: 


Mathematical Statistics 
By 


Henry Louis Rietz 
Members of the Mathematical Association of America are entitled 
to copies at cost through Secretary W. D. Cairns, Oberlin, Ohio. 
All other orders should be addressed to 


The Open Court Publishing Co., 339 E. Chicago Ave., Chicago, IIL 


Members of the Amcrican Mathematical Society will receive a 
discount of 25% on all of the publications listed below. The net 
prices to members are stated. 


Mathematische Annalen—Mathematische Zeitschrift 


One or two volumes of the ANNALEN, and two or three volumes 
of the ZEITSCHRIFT, appear each year. Each volume contains about 
800 pages. The net price to members is $12.75 per volume, plus 
postage. 


Die Grundlehren der mathematischen Wissenschaften 


This series is edited by R. Courant, assisted by W. Blaschke, 
M. Born, and C. Runge. Recent volumes are listed in this BULLETIN 
under New Publications. The net price to members of recent vol- 
umes of about 300 pages is $3.10 plus postage. 

Orders for books of the Courant series, for the ANNALEN, and 
for the ZEITSCHRIFT, should be sent to the publisher, Julius Springer, 
Berlin, or his official agent, who is also an official agent for this 
Society: 


Hirschwaldsche Buchhandlung, Unter den Linden 68, Berlin 


Jahrbuch iiber die Fortschritte der Mathematik 


For recent issues, the net prices to members, including mailing, 
are: vol. 46 (1916-18), $17.05; vol. 47, Nos. 1-5, $9.80; vol. 48, Nos. 1-3, 
$6.70. Orders should be sent to 


L. Bieberbach, Marienbaderstr. 9, Berlin-Schmargendorf 
or to 
Walter de Gruyter & Co., Genthinerstr. 38, Berlin 


This firm publishes also CRELLE’s JouRNAL, the MINERVA-ZEIT- 
SCHRIFT, and many other journals. 


Abhandlungen aus dem Mathematischen Seminar der 
Hamburgischen Universitat 
One volume of about 400 pages appears each year. The net price 


to members is $3.90, plus a mailing charge, if orders are sent to: 
B. G. Teubner, Publisher, Leipzig, Germany 


— 


SUGGESTIONS TO AUTHORS 


Much needless expense and many errors can be avoided. The 
editors of several mathematica] journals have agreed upon the 
following suggestions. 


1. Typewrite words and the very simplest formulas only. 
2. Do nol try to typewrite any complex formula. Write them. 
3. Keep a copy, and send the editors two copies, if you can. 
4. Do not underline any symbols or any formulas. 
5. Underline theorems with blue pencil (avoid ink). 
. Follow our recent styles in abbreviations, footnotes, etc. 
. Write carefully the (often misunderstood) capitals CK PS V W XZ. 
. Write €, not ¢. Write very carefully y 7 « Av rux w. 
. Among Greek capitals, useonly TAQ A EMI Q. 

10. Punctuate carefully, especially in formulas; thus: 1, 2,- +--+, 7. 

11. Use the solidus (/) to avoid fractions in solid lines. 

12. Use fractional exponents to avoid root signs everywhere. 

13. Use extra symbols to avoid complicated exponents. 

14. In typewritten formulas, 1 means “‘one”’; to indicate “‘ell’’ in formulas, back- 
space and overprint /; thus: € Similarly, 1) means “‘zero’’; to indicate “ano”, 
backspace and overprint period; thus: Q . 

15 Avoid a dash over a letter, except for those shown below. 

16. Some samples of unusual types available on monotype machines follow. A 
more complete list of all such types will be sent on request. 


Light Face Greek—a By--- (all) A BI --- (all). 
* Light Greek Superiors—‘4 and**7--- (all except cand o). 
* Light Greek Inferiors— 4 az and a5 --- (all except « and o) 
* Boldface Greek—a@ Bie dw andQ. 
* Lightface 
UBBWEYZ 
* Boldface German—d% B D 
Script (special font) ABC - - -(all). No lower case manufactured. 
* Hebrew—N WS 32 troublesome to handle. 
Dashed Italics—A a fGZzHIiKkMmNaP p 
Tilda Italics— { 
x Tilda Greek—a é 7 
Dashed Greek—a B 
* Dotted Italic—a G €@Zimn 
*% Dotted Greek—n 66% & (single dotted ¢ 6 8 y; double 
dotted y readily available). 


@ 
Y 


* Additional characters readily available at small cost. 
* Matrices for additional characters are made upon special orders and necessitate 
a delay of from four to eight weeks and average expense of $4.50 per matrix. 


OFFICIAL COMMUNICATIONS 


Meetings of the Society have been fixed at the following 
times and places: 


Mapison, Wisconsin, SUMMER MEETING AND COLLoguIuM 
September 6-10, 1927. 

Abstracts must be in the hands of the Secretary of the Society, Pro- 
fessor R. G. D. Richardson, 50r West 116th St, New York City, not 
later than August 8. Series of colloquium lectures will be delivered by 
Professor E. T. Bell on Algebraic arithmetic, and by Professor Anna 
Pell-Wheeler on The theory af quadratic forms in infinitely many vari- 
ables, and applications. 


New York City, October 29, 1927. 

Abstracts must ‘be in the hands of the S of the Society, 
irgnetag R. G. D. Richardson, 501 West 116th St. New York City, 
not later than October 8. At the request of the Program Committee, 
Professor F. D. Murnaghan will give an address on Modern hydro- 
dynamical theory, with special reference to aerodynamics. 


Cacirornia, October 29, 1927. (The San Fran- 
cisco Section.) 

Abstracts must be in the hands of the Secretary of the Section, Pro- 
fessor B. A. Bernstein, Berkeley, California, not later October 8. 
At the request of the Program Committee, Professor E. R. Hedrick 
oi give a SO on Extensions of the theory of functions of a com- 
plex variab 


St. Louis, Missourt, November 26, 1927. (The Southwestern 


Section.) 
Abstracts must be in the hands of the Secretary of the Section, Pro- 
fessor E. B. Stouffer, Lawrence, Kansas, not later than November 5. 


R. D. RicHARpDsoNn, 
Secretary of the Society. 


Articles for insertion in the Buttetin should be addressed to E. R. 
Hepricx, Editor of the Butietin, University of California at Los 
Angeles. Reviews should be sent to W. R. Lonctey, Yale University, 
New Haven, Conn. Notes should be sent to H. W. Kuun, Ohio State 
University, Columbus, Ohio. 

Subscriptions to the BuLLetin, orders for back numbers, and in- 
quiries in regard to non-delivery of current numbers should be addressed 
to The American Mathematical Society, Menasha, Wis., or 501 West 
116th Street, New York. 

Advertising space is available in the BuLietin at $16 per page, $9 per 
half page, $5 per quarter page, per issue. Address correspondence re- 

ding advertising to H. L. Rierz, University of Iowa, Iowa City, 


owa. 
Changes of address of members ara be communicated at once 
to the Secretary of the Society, R. G. D. Ricnarpson, 501 West 116th 
Street, New York. 
The initiation fees ($5.00) and the annual dues ($6.00) of members 
of the Society are payable to the Treasurer of the Society, W. B. Fritz, 
sor West 116th Street, New York. 
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